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202|S| Final

QUESTION 1. (15 marks)

Determine the truth value of each of the following statements. You need not state
the reason.

(a) Va e RVbe R Ve € R ((b* — 4ac > 0) = (3z € R (az? + bz + ¢ = 0)))
(3 marks)
The Stodement i saying -
for OIVI\/ veal numbers o b, cC, whenever

. 2
equation X+ bxtc=0 hae

b—40c 20, the polymw‘a|

Q V\eﬂ:l Woo+1.l
1{— 63+0, +he eciw;Hom 'S Qwadm‘rct, a real it  exists & b2—40c 79

1{: 6=9, bFo, the qmodinm ic Linear and o real root qlmy; exists |
'L? h=2o0, b—.—.gl

o real rost existc & c=p.
Gince.  When a=0. b=o, c=I, fNo real oot exicts, +he omswer is flse,
(b) Iz e RV € Z ((x+1)*< 1/n) (3 marks)

L
L& R otisfles =<y b etery nez' &

This is due 4o +the Archimedem property of R.
Thus,  Since (X-\'l)l:O when

X <7D .

K==, the cnswer (¢ -frue,

(c) Bz e R* (z > 1812)) = (Vy € R* (y > 2021))
—

(3 marks)

The  aquswer 1< ‘F«z‘Se.



(d) VneZt Iz € Q (|Jz — V6| < 1/n) (3 marks)

{5 (s irrodional . Howewer, euery irmottonal  mumber  Con be

QF_MMa%ei oﬂz.‘frorfl\l{ wel) b/ a rotionol  pumber .

This means Y Y&R- @, ¥eso, Ixe @, (x-Yl<e).
This is kmwa as the demsity of rational numbers, i.e.,
@ ic deuse in IR.

The owswer is  trve.

(€) ZeR(FyeR (z=(1-y)*)) A (Fy R (z=—y)) (3 marks)

ESGIP\,QX=(I—3)2) XN Saf;nj X Can e CXPmﬁs'ed DS (Iﬂ)z
$or come veal wuwmber Y . This s possible. if oud on\\/ if  Xzo.
E(jé\ll, (X= —sz) 's §a7rfm\r7 X com be expregfed 0¢ —ijz
for Some peal wawber Y. This is possivle if and oay if x <0,

T[/m@, Wen ¥=9, poth ESGIR,KX=(1‘MQ) ond
IYeRr, (x= —\‘jz) Gre  true . The answer s true.

Note that the Y in the firdt brocket ond the Y in the
Second  brocket owe C\[w.belic dariohles  omd 4‘{4@7 ore  pot

v\ecesww{i\/ equo B



QUESTION 6. (15 marks)

Let M =ZTU{L :n € Z*}. Define S CR x R to be

S={(z,y) e RxR: 2z =yz for some z € M}.

For each z € R, define a set H, to be

H,={yeR: (z,y) € S}.

(a) Determine H. (5 marks)

N\ ;S
their

the set Co/ﬁ'ﬁm‘@ all notwe numbers onol
reciprocale, e, M= 31234 - Johnd,d 4]

g SP&G'F??S o reletion  on IR -
(x,9) eS & FzeM, x=IR

© @Enez', x=n3) vV @Fnez, x-+)
‘F>“C?'H/I€r X s eqwxl to Y timet some norturs) nueber

or x i equel to Y Aividked b7' Some nGtura| wamber

Hx g ke  get L:ovrfon'm?iﬁ Q\Iﬂfy yemw Hot = i
U‘d&*’r&d ) uml}ler S In ‘Fmd‘,

He= 4%

@) When %=

Alernati VE[\/ ,

o we%J(} U dnx: n&z"}: %%,zx/;x, }
uix.% %

0, HO = )]’OV\_V\G%“'} U {y\.o . V\G-Z-l'} = 0.
(0,0) & S since 0=1-0_ If Y0, tien

nyto forooll nezt, and WYto Lo all nezt Thue wh,

gt



(b) Show that Z* C Hy . (5 marks)

Hi= 345 - nez*d v {L:qes'l

o peticdor, 2 < 3RrneEd since P ey ke 7,
k=208 ond 3k & 21 Theefie, 2° < Hy

Alternativdly, et ke AR drbitrory | TH holds Hhet =, kDES

gince S= k-3r  aed ake zt

(c) Find all z € R such that H, = M. If such an z does not exist, state “does not
exist” and give your reason. (5 marks)

Sinee for o xelR, x=[x, we hwe 2)6S ond
thus  xe My, Hence, 0 order for  Hye =M to hold,
s wecessony ot x& M. This  norcows down  the.
pessible Wolues of X Sigificantly.

Cote | . *X=K for ke zt. The -elewentc of Hy ore -
H, = 1k . ne%“t?; J dnk ne{“}_ We  haw
H|=),—'ﬁ-_m67t+}k)<ﬂ:nei*}:/l/\‘ Whey K 72,

J%— Mgt ot be on element of M. gpea‘{-;co\ll7. when K 73,
(Urlevz*, ond  this T‘i(‘ e Hy . Howerer —Tﬁ’. A% 72 since

—_—

— + |
04”‘4’%(\ cl, Tﬁ'\' - —,t;/} = H’J\Z ¢ % e 1< |TTEC2

This  showos  Ahoit ‘%ﬁ ¢ M when k72, Hence, the om\7' Cose
where Hy =M ig when k=[.




wsom kezt The elements -f Hi o
Hip= dacinez ) U -0z 1fis char thot when kel
Hism. Whea k22, ¥ mut not b an clement of M.
§P6c?-€;co,ll7 when k22, we hove ki|ezt ! ond ‘H/mg "*' € Hy

otk 47 cae lc Hgpe2, B = ¥ &2 G
04%%\ ], Thic shows tat &M Hewe, +he ow]7 Cose

where 'H_JE =M i when k=]

Ho wever

V\)@ Cor\cluo\e that H)L >—N\ OV\\L/ when A=),



QUESTION 5. (20 marks)

On a set S = {a,b, c,d} we define a relation R = {(a,a), (a,b), (b,b), (b,¢), (c,c),
(¢,d), (d,d)}.

(a) Find the transitive closure R'. (4 marks)
F.'v.d;fﬂ R
(0)0\) s 0|l7*€ﬁ\0t7 n R ) (Q/b) is al"Eﬂdy n R,

>< (o, C) C—R-t Since there (¢ o Pc:{’h -me\ a to .,
lz
,d) e R gince there is o path frow o o d,

Lb,o‘)a, R Since thee i€ o pth o b+ o,
(b.b) is q\md;/ in R, (b.o) is ot\reao\/ n R,

b, dYe RY since thee is o path frim b to d,

) &R, &R s there s no peth from ¢t o or b
e.c) (s o\wzao\f R, ad) s A\ﬁeab\7 in B,

WY pt , \o\,b)QQ*, @, c)%( ]21' Sinte there is o path fre A o o, b, o o

(d.d) s Oxlreal}\y W R

(b) Is R' reflexive? Is R’ symmetric? Anti-symmetric? An equivalence relation?
A partial order? (8 marks)

RY is reflexive Snce (o.a)ept, G lept . EP, .d)e pt
R" is et 4T’Mme+r?c since (2 A)ERY bt \0\10)&2*_

}f (s Qmi'?sjw\ftric Since  there do not exist distnct  elements xS
Such oot (614) € BF and (4,06 pY.

Y {5 not om equtvml»ewce relation since i is wst symmetric .

Rt is o portial order slnce o is weflexive, mn*‘@\/me*“'c and ronsitive .



(c) Find R?, R®, and RUR2L1R3. o i 6maiks)
o[T T FF| alT T FF
Mg = My Mp=p|F T TF[ | F TTF
lF F OTT|  |F FTT
L b oadlt FoRTL AlFFoFTY
V\’TTTF
= blF T T T
dFFOTT
AFFFT\ch& a b o d
T T TFlalT T FF
v|F T TT| p|F T TF
Mg =Mp My = <|F F TT| JFF TT
e — s F FEFTlalF F T I
=Mp- Mgt 4 b e d
ot al T T T T
b|F T T T
= ¥ F TT

JJF FET
B2 e, (b)), (are), (0,5), thyc)s (o), (ec), (c.d), (4 )],

R = %(M%M), (), (ad), Cb,b), (b.c), Cbd), cee), cad), (dd)i.
(d) Do R, R?, and R? partition R ? (2 marks)

No cince Hney are  not Pairw(‘sQ oQ\‘s:)o?n‘l‘_



QUESTION 4. (15 marks)

In the 100-yard dash with 8 runners, the runner or runners who finish with the
fastest time receive gold medals, the runner or runners who finish with exactly one
runner ahead receive silver medals, and the runner or runners who finish with exactly
two runners ahead receive bronze medals. How many ways are there to award the
medals to the 8 runners, if exactly 3 of them win medals and ties are possible? (Your
answer must be an explicit integer and should not be an unevaluated or partially
evaluated expression.)

We cve 0\95.'3'/!\'@ 4 kids of (ohels to e §  ruaners -
'G' 4 %old , £ {qr Sclver ‘B foc bromze ,
‘N’ $c o wmedal .

g\
Coge | - G' %32, ‘N'x & N Weyg
g!

Cc.;e,l__ |Ca17<) , '%|7<,, 'N'XS_. 20 g \,ac.7'§|
Coge 2 - G »)l, 'Sx2, NXxT. u%"\ﬁ Wesr

| 1 \ \
Cose 4 - G x|, 'S'x (, '®'x), 'N'»x5 T.‘%T‘\_E\ Woyg,

¥ g g! X\
Totnl = st Foonit ToTnrg ot = S0 1§+ 16 + 334

= 2%



Extro exercise for cecurcence relstiong

Q2: (a) A pair of newborn rabbits (one of each sex) is placed on an island. A pair of
rabbits does not breed until they are 2 months old. After they are 2 months old,
each pair of rabbits produces another pair each month. Find a recurrence relation
for the number a,, of pairs of rabbits on the island W assuming that

no rabbits ever die.  repcneg reathe( —
b (0 vt o) N_gchﬁé | wth "V'Qg"s 3',-\«“4 = ot ‘H/UL U\A 0%
g ol \ veproduce J‘j I‘erdeﬂ Monkn 0 '*
% I;?[ fime vd fime _ 1
+ 4+ +2 3 RAl;
O = O P?f V‘F "Dbe‘s 1 month bld
End of wwoath | O = & par of robbits 2 2 moedhs old

Ead of wontfy 2
End of wonth 3:
Bud  of wonth 4 :
End of wunth &

Eud o-E Wontl § °

SECNCHSECNS
® ©©0

®
& @ ©
@ & ©® ® © ®

Olv\ = V\uw\\)e( o{— Pﬁ?rs ot Ahe end 0-{; Mmonti ",
Number o-f- pirs [ month o(d ot the end o{- month 1),

S
=
\

b“') = Wuwber o} porrs 7 2 meathS old  at the end of month 0

w) w)
bY\ = bV\" \ 1
2) W) Q)
b\’\ - bn—] + bn-—' '
)
Oll/\ = b‘;\ + bu;\) )
C «) )

5 2) Q)]
gince \D,(«.)‘—' bv,,‘ + by\-l = Qu- y b.,\ = \)v\—\ = QRu-»

We 36"7 Qn = ﬂn—| + Ay .



(b) (possibly hard) Suppose that in part (a), a pair of rabbits leaves the island after
reproducing tw1ce Find a recurrence relation for the number b, of rabbits on the

island in-the-middle :_..s—:=-e-:- .“h‘t tHe ¢ °-P Montlhh N |
v ‘ reathe(
Vorn (0wt o) Ty Tt "'\"&" ’ v g
! bt Y o ey et s )
+ 4+ vy 3 mals
O = a pir =f robbits | month old
End of woath [ D O = 0 par of rebbits > mmths old
Ead of wontp 2. (D O =0a pairof mbbits 3 wodhc 4ld
(r&?mduced once )
End O\C Month 3 : @ o
O =oq ir o rmbb("{s 2 & worths o[d
End  of wonth 4 : O @ © ('E%:odvceﬁ twice )
End Og— wonth & - ® @ @ @
Ead o-E Wonth § 3 @ & @ @ © @
Ed of vt 7: 0 @ @ & O© ©® O ®

End o{— month §: @

© @ ®O® ®OO® O® O

Dy = number o‘f' pairg ot the end of Morth N,

(

n = Nuaber of s | math old ot the end o{ movthh N,

btv‘:-) = V\\AV"\M q{: ?q?fﬁ PR WWVI‘PHS ol_& ad_ We €V\A 0'-{: MW\"’D( n )

‘v'\s) = numbgr of pirs > mondhs old at the end of mamdn N

Q) 8 ®)
bm = bn—| -+ \>

b)h - };‘)+ bh)‘\‘ btn

n-\
(2) _ t W ) W) Q)
bV\ - Vl" 1 - br\ | b Bw— +b
( ~ W Q) 3) )
(}:) = b\:—)l, bﬂz'\'bn-a'{'b +b ED
L\) W) (2) u) W )
\ 3
by = b+ B A b (bt B+ b )+ ( R0

= (7-\—1 + bh-} .



Ruestion 4 of 202081 Final

(a) How many surjective functions are there from set A to B, where |A| =5 and
|B| =3 7 Justify your answer. (10 marks)

A:{alIQL:a’;, aqr, a;—% Bz%bl,bz,bga

\)a“S butl@bs

“\ - 7. Balls &= 47(303)

[ —

@~ \§. "palls i &' = (b
/ ~——

@ - \;} halls W @' = £ Qb3
“Therefore -
— TRBY) U fTRKY) U R =
- £'Qed), Qe ER) ere parwge disjoint
= by the sucjectivity of {03), 70, 7 (4esd)

are all Vion- xpty

\J

/\/gﬁce thot _F 'S Com[;l€+€[7/ chomcierised by '{:—\(“ﬂ%) \ ‘FY“&%) , ][4(‘“’975)

(Look?r\j af the content of the buckets tels you which  baf\ \,e[onjs
to which bucket . )

WQ ‘h'o\nsﬁrm the Probléwl witp °

How Vv\an{ \A)i\7‘§ are  there to ?L«CE T balls @ @ @ @ @
b 3 buckets T &, & 9



S%CP | : divide +he € bals jnto 2 piles  (without oy particalar

ordering of the piles)

O _
Case || : [oXe) O ol . There are (g): i) \,M\/;~

(D3

o
Cose /\1:8 51 [o  There ave

=1 \0&7’3.

SJceF [2.] + choote 2 ballg ot of & +o form o Pile,(i)

S‘lf[) Jv2. 2 * cheose 2 \70\\\3 out o{- He N’,W\O:?Vﬁ 3 4o ‘Porm 0
pile . (%)

[0) ® 0}

®
anc,e ® ® © omo\ @ ® © C,orr‘eS'YonD\ +to

the Some  division (the piles have wo order), divide the

numper \77 2.
Stp 2 : assign the 3 piles to the 3 buckets  Thew are
21 = weys.

Aogwer - there are  (IS+10)- 6 =[S0 such Surjective -Euncﬁong.



Question 4 of 202051 finel

(b) How many surjective functions are there from set A = {1,2,...,m} to B =
{1,2,...,n} with positive integers m > n, such that f(1) < f(2) < --- <
f(m)? Justify your answer. (10 marks)

4

I
: |
(
; l
% |
[} 1

i
(
(
[
i
l
i
1

RN RN AT
an) £7323) ) Plasy

We transform the Pmblev/\ o =

How many Ways ore there to  Split  the Sequence 11, -, M iwto
N non-f’fMPT‘{ Concecutive  SubSequences 7

This is also equivalect to e followiag prodlem by Lefhing
o= Qi

&uesﬁoﬂ 4(a) o{ 2018 S| {-Inal

(a) 1,Z2,...,T, are positive integers such that Z?=1 z; = m, for some positive in-
tegers n, m and m >n . How many distinct tuples of (z1,zs, ..., x,) are there?

Flamt g = = {1l >
oy v Fley v o= A o 2w = 2[R <Al



For exomple , for m=12, n=4,
£ Q13) = 133,
Flony = 24,5673,
{1033y) = 233,
{V\(M’s\ = 19,00, 0, 123

= 7§|:;,7<z:4', )(;=I,X4:4-

which safisfies Xit%tXet X = (2=m,

One con check 4ot ewr\/ -F Sorh‘sﬂ.‘n\rj the given cond: +iong

cprresFomds to & wique tuple (i, == X)) of positive  integers
sa‘HG{l‘]’M\j éXr=W\I and  Yice yerca.

ﬂtse -+two Ppob\,emg are. ellufvo\[evx‘t +o the 'E"v(\OW\‘/:j FrobL‘&WI o

‘Fut’ Qa S‘l‘r?nﬁ Covﬂ‘m‘vu‘nj m %' choaraclers ; TR Urxot ----*", how 'W\DJ\)’

) oay\‘es

ways Qe there to nsert (n-1) cemmas, ;e ', ond spit it

ioto 0 Substrings (cee, e, SJm‘v\j split O method  in P\Fv\/\om)

Suth +Hhat each §Mbs’rrfr\j Comtning ot (east one charmcter

E.j. X = "ok, kokdkok, k, okkok™ . split(t, ')
print(x)

for i in range(4):
print(len(x[i]))




One (comet odd ',' +v +he be@‘lvm?nﬁ or +he end of the string
€.9., X = ", dekiokobiok, k, dolokx'  split(*, ') Tr, Thkkkkkk' k!

print(x) =

for i in range(4):
print(len(x[il]))

X = "sekk, kokckok, kokkekok, L split(f, )
print(x)
=
for i in range(4):
print(len(x[i]))
There (camnot be two congecutive )'s 5
8»3-, X = "sokk, dokkok, kol L split(f, ')
print(x) =

for i in range(4):
print(len(x[i]))

of most one ' can be added to each of 4he (m-D)

TL[QH’-FDNJ_

3“[75 ke{—wezn two l*'sl _[—l'll\j C_orr‘ESFowdS‘ +o dMOS\‘y\J LY\") ot O-F-

]

m-\
the m-1) 90ps 4o fasert ' The answer is - (W.),



Question 4 of do20$l finol (modified)

(b) How many s&Feetive functions are there from set A = {1,2,...,m} to B =
{1,2,...,n} with positive integers m > n, such that f(1) < f(2) < --- <
f(m)? Justify your answer. (10 marks)

E\)ery*{ninj n the origim\ q’v\eﬁion holds, except Hrot {_\({ﬂ)

can  now be evvxp_‘r;[.

We i’mnsfnrm the Pr‘ob\QWl nto -

How many ways ore there to  Split  the sequence i1, =, m ko
Po$9fH7’ Q\L\ +7f

N W@;ﬁ Concecutive  SubSequences 7/

_TLI‘IS 15 also efiuIUm(et\'f 1o the -Fullow\‘.rj PPO\?\QW\ bY Ceﬂn‘nj

=lry.
%o = L@

Question 4b) of 201881 final

(b) How many distinct tuples of (z, s, ..., z,) are there for the above question if
X1,T9,..., T, are non-negative integers, rather than positive integers 7

These +weo Probtgmg are. e.é[uivo\[evr‘c +o the fn[low\‘ﬁ Froblua .
‘[l'“’ Q S‘h‘?ﬂﬁ Comfnin\j m K chavecters [, foe., RRE - k" how wany
m ooy.‘es

ways Ore there o insert (n-1) Commas, e, and split it

o N SM\)S%’er\js (cee, e, S‘l’r\‘f\i)] $\7\I't‘ O method  (n P\f-k\/\ovﬂ

Sl HAdT PO _SUD SN —CantanAs—os—least o0 __clhiarm o4 7




NOW, We o al\owed +o odd '’ +o the bﬁg\‘nn?n\‘] or the end o‘{-
the s%vinj, and It 1S pessible b have Cemsecutive s,
€.9.,  x = " wrkknrk, xRk split(*, ') Thkkdkkax' Tk Takkx)

print(x) =

for i in range(4):
print(len(x[il))

X = "sokk, kokkck, fokkkok, " osplit (!, ')
. '****', ‘*****', "]

print(x)

for i in range(4):
print(len(x[il))

X = "k, kokkok, , okkrk . split(', ")

print(x) =

for i in range(4):
print(len(x[i]))

x =", ,  kkkkkkkkkkkk . split (!, ')

" '************']

print(x) =

for i in range(4):
print(len(x[il))




_"/HS Corv\eé‘{;owo\g to +the V\(AW\ber O‘F Ol(s‘bmjmshab‘e Permwatwns

! ‘ ' min-pl (el
Of w”) SRR Tl’\e Answe ¢ )S M[(h-l)! = ( n—1\ )
M cu‘rfeé (n-1) C_QPf.gs'
O-F ! o-F (,l

Here is an aldemative method which Solwee  QALB) of 2015¢) Fine)
d?ved\f Sing Hhe resulk of 04):

X)) - Xnfre o non-neyative JuleGers  Such thot %Xr =wm
i and ovx\\/ -F
()((-H), - LXV\‘\'U Qre. o Po;.-hvf_ lvﬁﬂﬁerg Such that Zb( +\)=m+n,

ﬂtr&fure, the number of dAistinct +uF\es (Xy0eems X)) of
v\om—nejodrivﬂ .‘vﬁeaf,rs QaJrrsf«/.‘mj %%;: M (_\‘.e. the pnswer o-F
Q4b)) Is the came as the nuwber of d‘s+rmf -L-u\[)les
(R, =0 Kp) of positive tlegers smLm%\/.,\j >< = w+tn
(ie. the answer of Q4(a) with wm replaced b7 m»m)_

+n
AMwer: Mh,‘ l)



Recall the {lol\owfr\j slide frowm the (ecture :

Selection

* Select k numbers from {1,2, ..., n}

N-Dng)-

Vi
?(fn,{a)

Read, e.g., [Rosen -k) (nv]/_)\ ":‘

(8" ed.), §5.3]
/N4 (c—l\

ik

wk Aoes this puwber
(k+n-|\

/LR )
& -\ )) show ur here 7

WMV\ ome selec’cg k nuwmbers %m/\ -U:P-,-w,l/\} with N;)\wmem' W\A

o\u‘greawo\s the order in whiclh +these wumbers are selected |

one  retains cmlf +he [’\i$+03ramz
Histoorsm (k= g

Xt X + %3 7<++><:
2+ 0+ + 2+ 3

5)

IlH s

N
8

1 2 3 4 5

The sum of the heigets of +the n bacs is equal ok,



