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reflects the most efficient state of the market when the aggregate utility is maximized.

Qikun Xiang (NTU Singapore) SJTU Forum on Al for Math 2025 May 9, 2025 2/29



Matching for teams

@ Matching problems are prevalent in theoretical economics:

hedonic pricing,

marriage,
o labor market,

@ housing market, etc.

@ We are interested in the matching equilibrium, which, from a social planner’s point of view,
reflects the most efficient state of the market when the aggregate utility is maximized.

@ In particular, we consider the matching for teams problem of Carlier and Ekeland [2010]:

Qikun Xiang (NTU Singapore) SJTU Forum on Al for Math 2025 May 9, 2025 2/29



Matching for teams

@ Matching problems are prevalent in theoretical economics:

hedonic pricing,

marriage,
o labor market,

@ housing market, etc.

@ We are interested in the matching equilibrium, which, from a social planner’s point of view,
reflects the most efficient state of the market when the aggregate utility is maximized.

@ In particular, we consider the matching for teams problem of Carlier and Ekeland [2010]:

e multi-agent game involving N agent populations,

Qikun Xiang (NTU Singapore) SJTU Forum on Al for Math 2025 May 9, 2025 2/29



Matching for teams

@ Matching problems are prevalent in theoretical economics:

hedonic pricing,

marriage,
o labor market,

@ housing market, etc.

@ We are interested in the matching equilibrium, which, from a social planner’s point of view,
reflects the most efficient state of the market when the aggregate utility is maximized.

@ In particular, we consider the matching for teams problem of Carlier and Ekeland [2010]:

e multi-agent game involving N agent populations,

@ each population contains an infinite continuum of agents.

Qikun Xiang (NTU Singapore) SJTU Forum on Al for Math 2025 May 9, 2025 2/29



Matching for teams

@ Matching problems are prevalent in theoretical economics:

hedonic pricing,

marriage,
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@ housing market, etc.

@ We are interested in the matching equilibrium, which, from a social planner’s point of view,
reflects the most efficient state of the market when the aggregate utility is maximized.

@ In particular, we consider the matching for teams problem of Carlier and Ekeland [2010]:

e multi-agent game involving N agent populations,

@ each population contains an infinite continuum of agents.

@ Our goal is to develop a numerical algorithm for computing a matching equilibrium.
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measure v € P(Z) on the quality space Z (compact metric space).

@ One agent from each population must come together to form a team in order to trade a unit of
good, subject to matching costs ¢; : X; x Z — R (continuous function).

@ Each agent from the i-th population receives ¢;(z) from trading a unit of good with quality z,
where ¢; : Z — R is the transfer function (continuous function).

@ The matching between the i-th population of agents and the good is described by a joint
probability measure v; € P(X; x Z).
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Matching for teams

Definition (Matching equilibrium [Carlier and Ekeland 2010])

A matching equilibrium (¢;)i—1.n, v, (7i)i=1.n Satisfies:
@ (conservation) fori =1,...,N, v € T'(w;, v) := {7 € P(&; x Z) : the marginals of v on X; and
Z are p;and v};
e (balance) Y, v;(z) = 0forallz € Z;
o (rationality) fori =1,...,N, ¢ (xi) + ¢i(z) = ci(x;, z) for y;-almost all (x;,z) € X; x Z, where

@ (%) = 122 {ci(xi,z) — pi(2)} Yx; € X, (c;-transform of ¢;)
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o (rationality) fori =1,...,N, ¢ (xi) + ¢i(z) = ci(x;, z) for y;-almost all (x;,z) € X; x Z, where

@ (%) = 122 {ci(xi,2) — pi(z)}  Vxi € X (c;-transform of ¢;)

@ In particular, due to the Kantorovich duality:

inf {/ c,-dv,}: sup {/ gofidui+/<pidy},
V€L (i) \ Jajx 2 viec(z) UJx z

conservation and rationality conditions = ~; solves the optimal transport problem:

W, (pi,v) :==  inf { / Ci d%}.
YET (pi,v) X% Z
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Primal and dual characterizations of matching equilibrium

Theorem (Primal and dual characterizations of matching equilibrium [Carlier and Ekeland 2010])

@ There exists a matching equilibrium.

Q (vi)i=1.N, v, (11)i=1.n form a matching equilibrium if and only if:
o (vi)i=1:N is an optimizer of:

N
sup {2/ @i dui : (@i : 2 — R)i—1.v are continuous, Z@,- - 0}; (MT*)

i=1

e v is an optimizer of:

V€171;1f {Z WC[ /“Ll? }a (MT)

e fori= 1, A ,N, Yi is an optimizer Ofinfﬁ,ier‘(uhy) { fX,-xZ Ci dﬁ/i}, i.e., fX,-xZ Ci d’yi = Wc,'(/li, I/).

Q (MT) and (MT*) have identical optimal values.
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Application 1: business locations

@ Consider a business in a city.

@ The first N — 1 populations of agents represent N — 1 categories of employees:

@ u1,...,un—1: geographical distributions of home addresses;
@ (1,...,cn—1: commuting costs;
@ ¢1,...,pN—1: Salaries;

® v,...,7-1: choices of workplaces.
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Applications
Application 1: business locations

@ Consider a business in a city.

@ The first N — 1 populations of agents represent N — 1 categories of employees:

@ ui,...,uN—1: geographical distributions of home addresses;
@ (1,...,cn—1: commuting costs;
@ ¢1,...,pN—1: Salaries;

® v,...,7-1: choices of workplaces.

@ The N-th population of agents represents the business owners:
@ uy: geographical distribution of suppliers;
e cn: restocking cost;
@ (n: negative of total salary payout;
o ~: choices of outlet locations.

@ At matching equilibrium: employees choose workplace rationally, business owners choose
business locations rationally, v reflects the optimal spatial distribution of businesses.
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Applications
Application 2: Wasserstein barycenter

@ Forp € [1,00), the optimal transport problem with cost || - — - ||V induces a metric W, (-, )
called the Wasserstein distance of order p on P,(R?), i.e.,

W) = (ot L[ eexipanan })”
YEL (1,v) (| JRE xR
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1 f )\W . 17)P

and v that minimizes (MT) is called a p-Wasserstein barycenter of 1, ..., ux with
weights \1,..., Ay [Agueh and Carlier 2011].
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called the Wasserstein distance of order p on P,(R?), i.e.,
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@ When X} = - = Xy = Z CRY, ¢i(x,z) := \j|jx — z|/ fori = 1,...,N where
A >0,...,Ay >0, ZL Ai = 1, (MT) corresponds to:

N
inf AW, (i, D) 5,
17617131(2){; i p(,uz V) }

and v that minimizes (MT) is called a p-Wasserstein barycenter of 1, ..., ux with
weights \1,..., Ay [Agueh and Carlier 2011].

@ Wasserstein barycenter has widespread applications in:
e large-scale Bayesian inference (e.g., Srivastava, Li, Dunson [2018]),
@ unsupervised clustering (e.g., Ye et al. [2017]),
@ generative modeling (e.g., Fan, Taghvaei, Chen [2020], Korotin et al. [2022]),
e personalized federated learning (e.g., Farnia et al. [2022]), etc.
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Existing numerical methods
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@ Our numerical method:
o takes general costs ¢, .. .,cny and general non-discrete, non-parametric measures 1, . .., un;

e works in a free-support setting, i.e., does not restrict the support of v;

e admits polynomial computational complexity;

e computes feasible and approximately optimal solutions of (MT) and (MT");
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Parametric approximation
Parametric approximation

@ Observe that

Sup{Z/ i dui : (pi)imin € C(2 Z%—O}

(0i)iein CC(Z), i € C(X)VI<i<N, YN, 0 =0
_Sup{z Yidg Pi(x) + @i(z) < ci(x,z) Y(x,2) € X x Z, v1glng }
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max1mlze Zylo—FZyl]/ Sij dpi

(y: 0>Yi NE) w! l

subject to <y1'70 + Zyi7jg,-7]-(x)> + (Z wi71h1(2)> <ci(x,z) V(x,z)eXix Z,V1 <i<N, (MT;ar)

j=1
N
Zwu:o V1<I<k.

i=1
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N
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Parametric approximation
Duality results

@ (MTg,) is a linear semi-infinite programming (LSIP) problem and admits the following

dual optimization problem:

N
minimize c; db;

(i) l‘z_;~/Xi><Z ' ’
subject to  6; € T'(f;, ;) V1 <i<N,

/gdﬂi:/gdui Vg e G, VI <i<N,
X; X;

/hdﬂi:/hdﬂl VheH, vl <i<N.
Zz Z
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Parametric approximation
Duality results

@ (MTg,) is a linear semi-infinite programming (LSIP) problem and admits the following
dual optimization problem:

N
minimize c; db;

(i) l‘z_;~/Xi><Z ' ’
subject to  6; € T'(f;, ;) V1 <i<N,

(MTpar)
/ gdﬂi:/ gdu; vVge G, VI<i<N,
X; X;

/hdﬂi:/hdﬂl VheH, vl <i<N.
Zz Z

@ We call (¢;)i—1.n a ¢-feasible -optimizer of (MTpq) if:
e 0; € (i, ), degl‘ ingd/ii — fxigdui‘ <g, Zhe?—[| [z hdo — fzhdl71’ <¢ V1I<i<N,

© 3 faz 6 d0; < (MTpar) + ¢
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Duality results
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dual optimization problem:

N

minimize c; do;
(01) lz:; \/ZY}XZ l l
subject to  6; € T'(f;, ;) V1 <i<N,
G (MTpar)
i ~ i V1 <i<N,
7 2 V1 <i<N.
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© 3 faz 6 d0; < (MTpar) + ¢
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Our numerical method Parametric approximation

Duality results

@ (MTg,) is a linear semi-infinite programming (LSIP) problem and admits the following
dual optimization problem:

N

minimize E / c; do;
(0;) 3 Jaixz

subject to  6; € T'(f;, ;) V1<i<N

3 (MTpar)
i ~ i V1 <i<N,

Ui~ V1<i<N.

@ We call (¢;)i—1.n a ¢-feasible -optimizer of (MTpq) if:

gi _ A .
e 0; € I'(im, m), Bi i vivn  V1<i<N,

© 3 faz 6 d0; < (MTpar) + ¢
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Parametric approximation
Duality results

N
maximize Zyi,o +(8hY;)
i—1

(yi,O,yi,wi)
subject to  y; o + (g;(x),y,) + (h(z), w;) V(x,z) € Xi x Z, V1 <i <N, (MTgg)
N
Z w; = 0,
i=1
N
minimize c; do;
(6:) ; /X,xZ (MTpar)

subject to  0; € T(i, o), [ 2w, wim  VI<i<N.

@ Strong duality can be established via classical LSIP theory [Goberna and Lopez 1998].

Theorem (Strong duality)

The strong duality between (MT,,) and (MTy4) holds, i.e., the optimal values of (MTg,,)
and (MTpy) are identical.
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Computational complexity
Computational complexity

@ The computational complexity of (MT;a,) and (MTpar) can be analyzed using the global
minimization oracle defined as follows.
Definition (Global minimization oracle)

Oracle(i,y,, w;, ) approximately solves the global minimization problem
(intuition: approximately determining the “most violated” constraint in (MT;,,)):

par
min {Ci(X, z) — (8:(%),y;) — <h(z)7wi>}

(x,2)EX; X 2

and returns:
@ a r-optimizer (x;,z;) € X; x Z,
e its objective f; = ¢;(%i,%) — (g,(%:),y,) — (h(Z), wi),
@ alower bound g3, satisfying
B; S ming sexxz {ci(x,2) = (g;(%), y;) — (h(z),wi) } < Bi < B+

(Note that the computational cost of Oracle(i,y,, w;, ) does not depend on N.)
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Computational complexity
Computational complexity

Theorem (Computational complexity)

Letxy,..., XN, Z be Euclidean and let G, . . . ,Gn, H be explicitly constructed continuous
piece-wise affine functions (see the next slide). Let m; :=|G;| V1 <i < N, k := |H|, and
letn:=N(k+1)+ Zﬁil m; denote the total number of decision variables in (MT_,,).

Then, an e-optimizer of (MT;a,) and a s-feasible e-optimizer of (MT ) can be jointly computed
with O (n log(ﬁ)N) calls to oracle(-,-,-,55) and O(n**! log(ﬁ) + n*k“ log(n)*log (%))

additional arithmetic operations, where p := mini<;<y { mingeg, { [, gdpui}}-

O(n*) denotes the computational complexity of the multiplication of two n x n matrices.
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Computational complexity
Computational complexity

Theorem (Computational complexity)

Letxy,..., XN, Z be Euclidean and let G, . . . ,Gn, H be explicitly constructed continuous
piece-wise affine functions (see the next slide). Let m; :=|G;| V1 <i < N, k := |H|, and
letn:=N(k+1)+ Zﬁil m; denote the total number of decision variables in (MT_,,).

Then, an e-optimizer of (MT,,,) and a -feasible c-optimizer of (MTy,,) can be jointly computed
with O(n log(ﬁ)N) calls to Oracle( I ﬁ) and O(n‘*’“ log(ﬁ) + nvk* log(n)? log(g))

additional arithmetic operations, where p := mini<;<y { mingeg, { [, gdpui}}-

O(n*) denotes the computational complexity of the multiplication of two n x n matrices.

@ The overall computational complexity is polynomial in N, which indicates that our method is
scalable to large number N of agent populations.
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Explicit construction of continuous piece-wise affine functions

Qikun Xiang (NTU Singapore) SJTU Forum on Al for Math 2025 May 9, 2025 14/29



Computational complexity
Explicit construction of continuous piece-wise affine functions

Qikun Xiang (NTU Singapore) SJTU Forum on Al for Math 2025 May 9, 2025 14/29



Our numerical method Computational complexity

Explicit construction of continuous piece-wise affine functions

Qikun Xiang (NTU Singapore) SJTU Forum on Al for Math 2025 May 9, 2025 14/29



Computational complexity
Explicit construction of continuous piece-wise affine functions
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
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(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
° on(z) = -1 Gilz) Yz € Z.
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,...,N —1, ¢i(z) := infrex, {ci(x,z) — 1o — (gi(x),f/i>} Vz € Z;
o on(z):i=— Zf\;l Zi(z) Vz € Z.

@ Construction of an approximate optimizer of (MT) given a -feasible e-optimizer (6;);—.y of
(MTpar) via gluing:
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
° on(z) = -1 Gilz) Yz € Z.
@ Construction of an approximate optimizer of (MT) given a -feasible e-optimizer (6;);—.y of
(MTpar) via gluing:
e step1:fori=1,...,N, glue §; € I'(ji;, ;) with a W;-optimal coupling 7; € I'(i;, 1) and
a Wi-optimal coupling p; € T'(#4, 1) to get 4i € T'(pi, £1);

0

21 i1
N 0y A
V9 — M2
N
VN HN
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Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
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e step1:fori=1,...,N, glue §; € I'(ji;, ;) with a W;-optimal coupling 7; € I'(fi;, ;1) and
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
° on(z) = -1 Gilz) Yz € Z.
@ Construction of an approximate optimizer of (MT) given a -feasible e-optimizer (6;);—.y of
(MTpar) via gluing:
e step1:fori=1,...,N, glue §; € I'(ji;, ;) with a W;-optimal coupling 7; € I'(i;, 1) and
a Wi-optimal coupling p; € I'(74, 1) to get 4i € T'(pi, £1);

0
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
o on(z):i=— Zf\;l Zi(z) Vz € Z.
@ Construction of an approximate optimizer of (MT) given a -feasible e-optimizer (6;);—.y of
(MTpar) via gluing:
e step1:fori=1,...,N, glue §; € I'(ji;, ;) with a W;-optimal coupling 7; € I'(i;, 1) and
a Wi-optimal coupling p; € T'(#4, 1) to get 4i € T'(pi, £1);
o step 2: glue 51 € I'(u1, 1), ..., € I'(un, 1) togetherto get 1 € T'(pa, ..., v );

0
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
o on(z):i=— Zf\;l Zi(z) Vz € Z.
@ Construction of an approximate optimizer of (MT) given a -feasible e-optimizer (6;);—.y of
(MTpar) via gluing:
o step1:fori=1,...,N,glue 6; € T'(f, ;) with a Wy-optimal coupling 7; € T'(fi, i) and
a Wi-optimal coupling p; € T'(#4, 1) to get 4i € T'(pi, £1);
o step 2: glue 51 € I'(u1, 1), ...,9n € I'(un, 1) together to get i € T'(pa, - . ., pun);
o step 3: let 7 := zfij1, and let %; := (proj;, z)iafori =1,...,N, where
Z(x1,...,XN) € argmin, { S c,-(x,-,z)} V(x1,...,xN) € X1 X -+ X AN.

0 U

<ﬁ1 i1 1
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Approximate matching equilibrium
Construction of approximate matching equilibrium

@ Construction of an approximate optimizer of (MT") given an e*-optimizer (¥, ;, W;)i—1.n Of
(MTpa):
o fori=1,....N—1, ¢i(z) := infrex, {ci(x,2) — ¥io — (g,(x),9,) } Vz € Z;
o on(z):i=— Zf\;l Zi(z) Vz € Z.
@ Construction of an approximate optimizer of (MT) given a -feasible e-optimizer (6;);—.y of
(MTpar) via gluing:
o step1:fori=1,...,N,glue 6; € T'(f, ;) with a Wy-optimal coupling 7; € T'(fi, i) and
a Wi-optimal coupling p; € T'(#4, 1) to get 4i € T'(pi, £1);
o step 2: glue 51 € I'(u1, 1), ...,9n € I'(un, 1) together to get i € T'(pa, - . ., pun);
o step 3: let 7 := zfji, and let 7; := (proj,, z)§z fori =1,...,N, where
Z(x1,...,XN) € argmin, { S c,-(x,-,z)} V(x1,...,xN) € X1 X -+ X AN.
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Approximate matching equilibrium
Construction of approximate matching equilibrium

Theorem (Approximate matching equilibrium)
Suppose that:
@ ¢; is L.-Lipschitz continuous fori =1,...,N;
@ (Vio, ;> Wi)i=1.n IS an e;-optimizer of (MT,,);

@ (0;)i—1.n is a s-feasible e,-optimizer of (MTpar);
06::es+eo+Lc(Zf\il + )
Then, the constructed (¢;)i=1.n, 7, (i)i=1.n Satisfy:
Q (p)i—1.v is an e-optimizer of (MT*);
Q 7 is an e-optimizer of (MT);

o fori = 1,...,N, i € F(/l,i,ﬁ) andf)(ixzc,vd% < Wc,(lii75> aF G

Such (¢i)i=1.n, 7, (7i)i=1.n IS called an e-approximate matching equilibrium.
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Approximate matching equilibrium
Convergence to true matching equilibrium

@ In the Euclidean case, choosing the aforementioned continuous piece-wise affine functions as
G1,...,Gn, H guarantees that sup & { Wi (1) p and sup,, ¢, { Wi (v, ')} can be

controlled to be arbitrarily small for sufficiently small <.
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Approximate matching equilibrium
Convergence to true matching equilibrium

@ In the Euclidean case, choosing the aforementioned continuous piece-wise affine functions as
Gi,...,Gn, H guarantees that and can be

controlled to be arbitrarily small for sufficiently small <.

Theorem (Convergence to true matching equilibrium)

Let (@fl))i:m, v, (yi(l))izl:N be an ) -approximate matching equilibrium with lim;_, ., ) = 0.
Then:

@ fori=1,... N, (p (l)( ) +k; ”)ZeN has at least one accumulation point in (C(Z), || - |loo)
for some (h‘ ), 1:N.1eny C R satisfying Z ; h =0VlieN;

o (v),cy has at least one accumulation point in (P(Z), W1);

@ fori=1,...,N, (’Yi(l))leN has at least one accumulation point in (P(X; x Z), Wy).

oM () +r) 25 o) ¥I<i<N, v® 2y y),  andy® I ) vi<i<N,
— 00 —00

t—oco

then (<p§°°))i:1:N, v(®2), (yi((’o))i:w is a true matching equilibrium.
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Numerical aigorithm
Numerical algorithm

@ We first develop a cutting-plane algorithm for computing an approximate optimizer
(#i,0, Y;, Wi)i=1:n Of (MT;;ar) and an approximate optimizer (6;);—1.x of (MTpar).

Algorithm 1: Cutting-plane discretization algorithm

Input: (g,)i—1.v, finite sets (K{” C X x 2),_, , Oracle(-, .-, ), e >0,0<7< 9.

=1:N’

1 forr=0,1,2,...do

2

Solve the LP relaxation of (MTp,,) obtained through replacing X; x Z « IC,.(’) V1 <i < N, denote
the optimal value by o(”, and denote the computed primal and dual optimizers by
(%00)7 yz(r>7 i(r>)i:l:N and (ez(rx)z)(x ek =N fm-
fori=1,...,Ndo
Call oracle(i,y!”,w”,7) and let (¥\”,z") be the r-optimizer, let 5" be its objective value,

and let B(’) be a lower bound.
Let £ C &; x Z be a finite set such that (\”,2") € £, and update K" « £ UK.

> - B < & then skip to Line 7, else continue to the next iteration.

uB LB N
aMTpar <« Oé(r), aMTpar — Oé(r) - (Z; 1%(3 ﬁl(r))
fori=1,...,Ndo

L Yio 5'(”7 ?) A yi(r)’ Wi wff), bi Z(x ek '91'(,1')7z5(x,z)-

Output: aMTpa,, OéMTpa,, (y, Oyyl,wz)z 1:N>» (9 )i=1:N-
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Numerical algorithm
Numerical algorithm

@ We first develop a cutting-plane algorithm for computing an approximate optimizer
(#i,0, Y;, Wi)i=1:n Of (MT;‘;ar) and an approximate optimizer (6;);—1.x of (MTpar).

Algorithm 1: Cutting-plane discretization algorithm

-

~

o

Input: (g,)i—1.v, finite sets (K{” C X x 2),_, , Oracle(-,-,-, ), 6 >0,0< 7 <
forr=0,1,2,...do

Solve the LP relaxation of (MT3,,) obtained through replacing X; x Z « K V1 < i < N, denote
the optimal value by o(”, and denote the computed primal and dual optimizers by
(yz(ro): !/1(7)7 i(r))izlzN and (ez(rr)z)(x,z)elcf" J=T:N’ 0.
fori=1,..., N do
Call oracle(i,y!”,w"”, ) and let (¥”,z") be the T-optimizer, let 5" be its objective value,
and let 3" be a lower bound.
Let K C X; x Z be a finite set such that (¥\”,2") € K", and update K" + K" U K",
if S, y) — B”) < e then skip to Line 7, else continue to the next iteration.
akﬁpar +— a, (1k,ﬁpar —a - (Zl\,l }/f_i)) — jf”)
fori=1,..., N do
‘ Vio jf:"’], ; yf”, Wi < w ,0; L e f’\)_:(i(:\._i).

LB )
Output (kMTpar aMpr (1/[ 0, j ZU ), 1:N (0,‘)[71;:\:.
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Numerical algorithm
Numerical algorithm

@ We first develop a cutting-plane algorithm for computing an approximate optimizer
(#i,0, Y;, Wi)i=1:n Of (MT;‘;ar) and an approximate optimizer (6;);—1.x of (MTpar).

Algorithm 1: Cutting-plane discretization algorithm

©) Oracle(+,,,"),e0>0,0<7<

Input: (g,)i—1.v, finite sets (K
forr=0,1,2,...do

2 Solve the LP relaxation of (MTp,,) obtained through replacing X; x Z « K,f” v1 <i < N, denote
the optimal value by o, and denote the computed primal and dual optimizers by

(Vf’(; ‘/,’ m)r;l y and ()U ) ek i=1:N’ .

3 fori=1,..., N do

< Y X Z) 1:N’

-

a Call oracle(i,y!”,w!”, ) and let (¥\”,z") be the r-optimizer, let 5" be its objective value,
and let ,B(” be a lower bound.

5 Let K” C X; x Z be afinite set such that (¥\”,2") € K", and update K" + £ u K"

6 | if ), y) — B < e then skip to Line 7, else continue to the next iteration.

B, o), aff, < a - (z;\;l 2 - 89)

s fori=1,..., N do

9 ‘ Vio jf"), Y, vy, v — w6 LO 6(\ 2)-

. UuB ;] S, 5
Output: ayr,, . ot (#i0, ¥, Wii=1N, (9:')171::\"-
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Numerical algorithm

@ We first develop a cutting-plane algorithm for computing an approximate optimizer
(#i,0, Y;, Wi)i=1:n Of (MT;‘;ar) and an approximate optimizer (6;);—1.x of (MTpar).

Algorithm 1: Cutting-plane discretization algorithm

Input: (g,)i—1.v, finite sets (K{” C X x 2),_, , Oracle(-,-,-, ), 6 >0,0< 7 <
forr=0,1,2,...do

2 Solve the LP relaxation of (MTp,,) obtained through replacing X; x Z « K,f” v1 <i < N, denote
the optimal value by o, and denote the computed primal and dual optimizers by

0207207 o 200 (67) o €0

3 fori=1,..., N do

=1:N’

-

4 Call oracle(i,y!”,w!”,7) and let (x”,2") be the r-optimizer, let 3" be its objective value,
and let 8" be a lower bound.

5 Let £ C &; x Z be a finite set such that (\”,2") € £, and update """ « £ UK.

6 | if ), y) — B < e then skip to Line 7, else continue to the next iteration.

7 Oty @, afir,, — al) — (Z}\‘;l v - jf”)

s fori=1,..., N do

0 ‘ Gio < B, 4,y vy wl 9&2‘(\ ) Sz

LB )
Output: aww OWTpars (00, Y Wi)i=1:N, (0,)_1,\:.
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Input: (g,)i—1.v, finite sets (K{” C X x 2),_, , Oracle(-,-,-, ), 6 >0,0< 7 <
forr=0,1,2,...do

2 Solve the LP relaxation of (MTp,,) obtained through replacing X; x Z « K,f” V1 < i < N, denote
the optimal value by o, and denote the computed primal and dual optimizers by

(VIU(; ‘/:’ (l))y;l v and ()U ) ek i=1:N? .

3 fori=1,..., N do

=1:N’

-

4 Call oracle(i,y!”,w!”,7) and let (x”,2") be the r-optimizer, let 3" be its objective value,
and let 8" be a lower bound.
5 Let K” C X; x Z be afinite set such that (¥\”,2") € K", and update K" + £ u K"

s | i) y) — B < ¢ then skip to Line 7, else continue to the next iteration.

uB r) LB r N (r) ;
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Numerical algorithm
Numerical algorithm

@ We first develop a cutting-plane algorithm for computing an approximate optimizer
(#i,0, Y;, Wi)i=1:n Of (MT;‘;ar) and an approximate optimizer (6;);—1.x of (MTpar).

Algorithm 1: Cutting-plane discretization algorithm

-

~

o

Input: (g,)i—1., finite sets (K” C &; x z), oracle(-,-,-,-), e >0,0<7<
forr=0,1,2,...do
Solve the LP relaxation of (MTp,,) obtained through replacing X; x Z « K,f” V1 < i < N, denote
the optimal value by o, and denote the computed primal and dual optimizers by
(VIU()j ‘/:’ (l))y‘,l v and ()U ) ek i=1:N? .
fori=1,..., N do ‘
Call oracle(i,y!”, w! " 7) and let (7,2 be the T-optimizer, let 5" be its objective value,
and let 8" be a Iower bound.

Let K” C X; x Z be afinite set such that (¥\”,2") € K", and update K" + £ u K"

=1:N’

()

if S, y) — B”) < e then skip to Line 7, else continue to the next iteration.

uB ) LB 3 N (r) 3
GMTPar A O<)/’ ”MTpar - (l</) - (ZI*I }/I.() - if”)
fori=1,..., N do
~ A(r)  ~ ) ) e
‘ Yio — 2;’)’ y[ — yr ’ ‘U’ A ZU 9 A L )\\ ) 9(7\').:0(\'-:>'

Output: aMTpa,, OéMTpa,, (1.0, Y;, Wi)i=1:Ns (0)ic1n-
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Numerical aigorithm
Numerical algorithm

@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (g,)i=1.n, (K§0>)i:l:N, Oracle(:,-,,-), e >0,0<7 < 3.
1 Run Algorithm 1 and let o2, , it (740, 9 @i)i=1.n, (6:)i=1:n be the outputs.
2 Let ¢i(z) := infrex, {ci(x,2) — §i0 — (g,(x), §)} Vz€ Zfori=1,...,N -1, let on(z) := — 0, @il2)
Vz € Z.

3 Let i; denote the marginal of §; on Z fori =1,...,N. Choose arbitrary i € {1,...,N} and set i + i.
4 Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .

s fori=1,...,Ndo

6 Construct Z; : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of © and ;.

7 | Construct X; : © — X; such that the law of (X;, Z:) is 6..

8 Construct X; : Q — X; such that the law of (X;, X;) is a W; optimal coupling of the law of X; and p;.
9 DefineZ:Q — ZbyZ :=z(Xq,...,Xy). Set ¥ + the law of Z.
10 fori=1,...,Ndo o

1 L ’7/,' + the law of (Xl‘,Z), (11' < E[Ci(X,',Z)}.

LB LB uB N = uB LB
12 Q7 4 T, @ Doing G €sup — aC — .

output: (&)i—1n, 7, (Fi)i=1n, o8, a®, esp.
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Numerical algorithm
Numerical algorithm

@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (3,)i—i.v, (K\”),_, \» Oracle(-,,-,-), e >0,0<7 < .

1 Run Algorithm 1 and let oy} , oxfr.,.. (8.0, 9, @i)iz1:n, (6:)i=1.v be the outputs.

2 Let ¢i(z) := infrex, {ci(x,2) — §io — (g,(x), §)} Vz € Zfori=1,...,N—1,let on(z) := — 0, @i(2)
Vz € Z.

3 Let 2; denote the marginal of 6, on Z fori=1,. .., N. Choose arbitrary i € {1,.. ., N} and set o < 1.

4 Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .

5 fori=1,...,Ndo

6 Construct Z; : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of 7 and 7.

7 | Construct X; : Q — X; such that the law of (X, Z;) is 6.

8 Construct X; : Q — A; such that the law of (X;, X;) is a W; optimal coupling of the law of X; and ;.

9 DefineZ:Q — Zby Z :=z(X,..., Xn). Set 7 « the law of Z.

10 fori=1,..., N do

1 | i+ thelaw of (X;, Z), & + E[ci(Xi, Z)).

LB LB UB N UB LB
12 a7 o,y O Do Qi €syp —” — .

Output: (5))i=1n, 7, (3)i=1:n, @B, a8, equp.
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Numerical algorithm
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@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (g,)i—1.N, (K:(U))H]:N, Oracle(-,-,+,-), € >0,0<7 < F.

i

1 Run Algorithm 1 and let (}“Uﬁpar, nkaBTpar, (#i.0, ¥, @i)i=1:n, (0)i=1v be the outputs.

2 Let ¢i(z) := infrex, {ci(x,2) — Jio — (g,(x), )} Vz€ Zfori=1,...,N -1, let ¢n(z) :== — SN, @i(z)
Vz € Z.

3 Let 2; denote the marginal of 6, on Z fori=1,. .., N. Choose arbitrary i € {1,.. ., N} and set o < 1.

4 Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .

s fori=1,..., ,N do

6 Construct Zi : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of 7 and 7.

7 | Construct X; : © — X; such that the law of (X Z;) is 0.

8 Construct X; : Q — A; such that the law of (X;, X;) is a W; optimal coupling of the law of X; and ;.

9 DefineZ:Q — Zby Z :=z(X,..., Xn). Set  + the law of Z.

10 fori=1,..., N do

1 | i+ thelaw of (X;, Z), & + E[ci(Xi, Z)).

12 otB (vkﬁpa” aYB Z’\:l G €sup — VB — olB.

Output: (5))i=1n, 7, (3)i=1:n, @B, a8, equp.
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Numerical algorithm
Numerical algorithm

@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (g,)i= I\q(K(m), 1\’0 acle(-,,-,-),€0>0,0<7 < 5.
1 Run Algorithm 1 and let ayg,,., it (1/, 05 y, Wi)i—1:N, (6;)i—1:v be the outputs.
2 Let ¢i(z) := infrex, {ci(x,2) — 910 — (g,(x).9,)} Vz € Zfori=1,..., N—1,letgn(z) := — 0" @i(2)
Vz € Z. . X
3 Let 2; denote the marginal of 6; on Z fori=1,..., N. Choose arbitrary i € {1,..., N} and set o < 1.
4 Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .
5 fori=1,..., N do
6 Construct Z; : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of 7 and ;.
7 | Construct X; : © — X; such that the law of (X;, Z:) is 0.
8 | Construct X; : Q — A; such that the law of (X, X;) is a W1 optimal coupling of the law of X; and 1.
9 DefineZ:Q — Zby Z :=z(X,..., Xn). Set 7 « the law of Z.
10 fori=1,..., Ndo -
1 | i« the law of (X;, Z) a; + Elai(Xi, 2)].
12 otB ”’k/IE';Fpar! VB Z | Qi Esub < UB _ LB,
Output: (@i)i=1:n, 7, (31)i=1:N, B, al®, eqp.
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@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (3,)i—i.v, (K\”),_, \» Oracle(-,,-,-), e >0,0<7 < .

1 Run Algorithm 1 and let (}“Uﬁpar, nkaBTpar, (#i.0, ¥, @i)i=1:n, (0)i=1v be the outputs.

2 Let ¢i(z) := infrex, {ci(x,2) — §io — (g,(x), §)} Vz € Zfori=1,...,N—1,let on(z) := — 0, @i(2)
Vz € Z. . X
Let ; denote the marginal of ;on Z fori=1,..., N. Choose arbitrary i € {1,..., N} and set o < 1.

Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .
fori=1,..., N do
Construct Z; : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of 7 and 7.
Construct X; : © — &; such that the law of (X, Z;) is 6.
Construct X; : Q — A; such that the law of (X;, X;) is a W; optimal coupling of the law of X; and ;.
9 DefineZ:Q — ZbyZ :=z(Xy,...,Xy). Set 7 + the law of Z.
10 fori=1,..., N do
1 | i+ thelaw of (X;, Z), & + E[ci(Xi, Z)).

LB LB UB N UB LB
12 a7 o,y O Do Qi €syp —” — .

Output: (5))i=1n, 7, (3)i=1:n, @B, a8, equp.
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@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (3,)i—i.v, (K\”),_, \» Oracle(-,,-,-), e >0,0<7 < .

1 Run Algorithm 1 and let (}“Uﬁpar, nkaBTpar, (#i.0, ¥, @i)i=1:n, (0)i=1v be the outputs.

2 Let ¢i(z) := infrex, {ci(x,2) — §io — (g,(x), §)} Vz € Zfori=1,...,N—1,let on(z) := — 0, @i(2)
Vz € Z. . X
Let ; denote the marginal of ;on Z fori=1,..., N. Choose arbitrary i € {1,..., N} and set o < 1.

Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .
fori=1,..., N do
Construct Z; : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of 7 and 7.
Construct X; : © — &; such that the law of (X, Z;) is 6.
Construct X; : Q — A; such that the law of (X;, X;) is a W; optimal coupling of the law of X; and ;.
9 DefineZ:Q — Zby Z :=z(X,..., Xn). Set 7 « the law of Z.
10 fori=1,..., N do
1 ‘ ’7/,‘ <« the law of (X,',Z), Qj — E[ci(Xi,Z)}.

LB LB UB N UB LB
12 a7 o,y O Do Qi €syp —” — .

Output: (5))i=1n, 7, (3)i=1:n, @B, a8, equp.
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@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (3,)i—i.v, (K\”),_, \» Oracle(-,,-,-), e >0,0<7 < .

1 Run Algorithm 1 and let o2, , it » (740, 9 @i)iz1n, (6:)i=1:n be the outputs.
2 Let @i(z) := infrex, {ci(x,2) — §i0 — (g,(x), §)} Vz€ Zfori=1,..., N—1,letgn(z) := — 0" @i(2)

Vz € Z.
3 Let 2; denote the marginal of 6, on Z fori=1,. .., N. Choose arbitrary i € {1,.. ., N} and set o < 1.
4 Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .
5 fori=1,...,Ndo
6 Construct Z; : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of 7 and 7.
7 | Construct X; : Q — X; such that the law of (X, Z;) is 6.
8 Construct X; : Q — A; such that the law of (X;, X;) is a W; optimal coupling of the law of X; and ;.
9 DefineZ:Q — Zby Z :=z(X,..., Xn). Set 7 « the law of Z.
10 fori=1,..., N do
1 | i+ thelaw of (X;, Z), & + E[ci(Xi, Z)).

LB LB uB N = UB LB
12 Q7 o,y O Doimg G €sub — - — o,

Output: (5))i=1n, 7, (3i)i=1:n, @B, a8, equp.
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Numerical algorithm
Numerical algorithm

@ Using the outputs of Algorithm 1, we then develop an algorithm for computing an
approximate matching equilibrium via constructing random variables on a probability space.

Algorithm 2: Computation of approximate matching equilibrium

Input: (3,)i—i.v, (K\”),_, \» Oracle(-,,-,-), e >0,0<7 < .

1 Run Algorithm 1 and let (}“Uﬁpar, nkaBTpar, (#i.0, ¥, @i)i=1:n, (0)i=1v be the outputs.

2 Let ¢i(z) := infrex, {ci(x,2) — §io — (g,(x), §)} Vz € Zfori=1,...,N—1,let on(z) := — 0, @i(2)
Vz € Z.

3 Let 2; denote the marginal of 6, on Z fori=1,. .., N. Choose arbitrary i € {1,.. ., N} and set o < 1.

4 Let (Q, F,P) be a probability space and let Z : Q@ — Z be a random variable with law .

5 fori=1,...,Ndo

6 Construct Z; : Q — Z such that the law of (Z, Z;) is a W; optimal coupling of 7 and 7.

7 | Construct X; : Q — X; such that the law of (X, Z;) is 6.

8 Construct X; : Q — A; such that the law of (X;, X;) is a W; optimal coupling of the law of X; and ;.

9 DefineZ:Q — Zby Z :=z(X,..., Xn). Set 7 « the law of Z.

10 fori=1,..., N do

1 | i+ thelaw of (X;, Z), & + E[ci(Xi, Z)).

12 otB (vkﬁpa” aYB Z’\:l G €sup — VB — olB.

Output: (&:)i—1n, 7, (Fi)i—1v, o8, a®, equp.
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Numerical algorithm

Theorem (Algorithm for computing approximate matching equilibrium)

Under suitable conditions, for any e > 0, one can explicitly construct G, . .. , Gy, H and choose
the inputs (ICI.(O))I':LN, e, T of Algorithm 2 such that its outputs (3:)i—1.n, 7, (7)i=1:n, @B, a¥B, esup
satisfy:

Q o'B < (MT*) = (MT) < o' and egyp := VB — a'B

Q (Bi)i—1:N IS an esup-optimizer of (MT*);

©Q 7 is an eqyp-optimizer of (MT);

Q fori=1,...,N, 7 € T'(u, ) andf/wzc,-d% < W, (i, 7) + €sub-

In particular, (&;)i=1.n, 7, (%i)i=1:.n form an es,p-approximate matching equilibrium.
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Experiment 1: business locations
Experiment 1: business locations

@ Settings:

e N =5, i.e., 4 categories of employees;

train stations
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Experiment 1: business locations
Experiment 1: business locations

@ Settings:
e N =5, i.e., 4 categories of employees;
e the city has a railway line with 5 stations;

e commuting costs:

ci(x,z) := min{cwalka—ZHl, 12_1}{25{Cwalk“x—uj”1 + Cranlf =kl 4+ cwakllu — z[h }}7
——— SHES N ~—— ———
walk from home walk from home take train from walk from station k
to workplace to station j station j to station k to workplace
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Experiment 1: business locations
Experiment 1: business locations

@ Settings:

e N =5, i.e., 4 categories of employees;
e the city has a railway line with 5 stations;

e commuting costs:
ci(x,z) = min{cwa|k\|x—z|\1, 1?}}{25{Cwalk“x_uj”1 + cranli — k| 4+ cwaxllm — z|h }}7
S—— SHES D ~—— ———
walk from home walk from home take train from walk from station k
to workplace to station j station j to station k to workplace

o restocking cost: cn(x, z) := crestock||* — z]|1-

train stations P
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Experiment 1: business locations

@ Computed bounds '8, o"B and sub-optimality estimates cg:
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g . & x|
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number of decision variables number of decision variables

Note that the theoretical sub-optimality bound ey, is much more conservative than egyp.
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Experiment 1: business locations
Numerical results

@ Computed approximate matching equilibrium:

NEY
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Numerical results Experiment 2: Wasserstein barycenter

Experiment 2: Wasserstein barycenter

@ Settings:
o We compute the Wasserstein barycenter of N = 20 probability measures,
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Experiment 2: Wasserstein barycenter
Experiment 2: Wasserstein barycenter

@ Computed bounds '8, «YB and sub-optimality estimates cg:
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Note that the theoretical sub-optimality bound eye, is much more conservative than egyp.
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Experiment 2: Wasserstein barycenter
Experiment 2: Wasserstein barycenter

@ Computed approximate Wasserstein barycenters:

15

n = 2479 n = 3615

05

05 [ 05 05 0 05 0 05
n = 20407 n = 69439 n = 262895
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Numerical results Experiment 2: Wasserstein barycenter

Experiment 2: Wasserstein barycenter

@ Comparison with state-of-the-art Wasserstein barycenter algorithms:

Algorithm Objective Sub-optimality

(fixed-support) Staib et al. [2017] 0.735321 3.7164 x 1072

(GenNN + ICNN) Fan et al. [2021] 0.699104 9.4682 x 10~*

(ICNN + regularization) Korotin et al. [2021] 0.705472 7.3150 x 1073
(GenNN + fixed-point) Korotin et al. [2022] 0.698804 6.4663 x 1074
(Multi-marginal OT) Neufeld and Xiang [2022] 0.698849 6.9213 x 104
our algorithm 0.698537 3.7984 x 104
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Conclusion

@ Theoretical contributions:
e Development of a parametric approximation scheme (MTp,) of (MT™).

@ Analysis of the computational complexity of (MT5,) and (MTpar).

@ Construction of e-optimizers of (MT) and (MT™) (referred to as e-approximate matching equilibrium),
and showing their convergence to a true matching equilibrium.

o Explicit construction of (MTg,,) to control the approximation error.

@ Numerical method:

e Development of a numerical algorithm which can compute e-optimizers of (MTpar) and (MTg,,) for
any ¢ > 0.

o Development of a numerical algorithm which can compute an e-approximate matching equilibrium
as well as lower and upper bounds o8 < (MT*) = (MT) < a'® with aY® — o'B < e for any € > 0.

@ Application to the business location distribution problem and the Wasserstein barycenter problem.
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