
MH 3100 Real Analysis I
Revision of Week 5 to Week 9

Week 5 : convergence of series

Differences between sequences and series
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,
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Partial sums : Sm = Es
,
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The series E. an converges to S if and only if

Liss Sm -

- s
.



A necessary condition for the convergence of a

series E. an :

if Egan converges , then high
,

an = 0
.

However
, the converse is not true !

-_

For example ,
let an = In then

Inigo an = 0 , but EE
,

an is divergent

( harmonic series ) .



Week b : Basic Topology of IR

Open sets

A set A ER is open if and only if
VXEA ,

I E > o
,

CX - E
,
Xt E) E A -

closed sets

A set BER is closed if and only if
every limit point of B is contained in B

.

A useful property :

A is open ⇒ A
'

is closed

B is closed ⇒ Bc is open

A set is not open does mean that it is

closed . A set is not closed does not mean that
=

it is open .



Examples :

both open and closed : 4
,
IR

neither open nor closed : co
, I]

open and not closed : co , I )

closed and not open = ( o , I ]

Sequential criterion for limit points
A point c is a limit point of A if and only if
there exists a sequence kn) CA such that

Xntc th EIN and time Xn = C
.

Examples : consider coil )

O is a limit point of coil ) : Xu - In then
.

I is a limit point of Cal ) : Xn = I - In FNEIN
.

I is a limit point of coil ) : xn =L - In th EIN
.

In fact , the set of limit points of coil ) is Ford
.



Infinite intersection of open sets & infinite union

of closed sets

Any union ( infinite ,
even uncountable ) of open sets

is open .

The intersection of finitely many open sets is open .

The intersection of infinitely many open sets is not

riesgo open and n#taif closed
.

Examples :

Let On =L- n , n ) tutin
.
Then

,
n?,µ On = O

,
=L-1,1 )

which is open .

Let on =L- th ,
Itt )

.

Then few On = Toil]

which is closed and not open .

Let On = ( o , Itf ) .
Then anew On = Co , I ]

which is neither open nor closed
.



Similarly , the union of infinitely many closed sets

is notnece.sc# closed and notnecessar.nl#
open .

Examples .

.

Let An = IT
,
I -I ]

.

Then
, ¥u An '- lo , I )

which is open and not closed .

Let An = To ,
I - th )

.

Then
, ¥, An = To , l )

which is neither open nor closed
.



Week 7 : compact sets

The equivalence between the three characterisations of

compactness :

(1) A E IR is compact , i.e . every sequence in A has

a subsequence converging to a point of A .

12 ) A is closed and bounded
.

(3) Every open cover of A has a finite suborner
.

To show that a set A is not compact , one

can :

Il ) show that A is not closed and/or not bounded;

(2) show that A contains a sequence which contains

no subsequence converging to a point of A ;
(3) show that there exists an open cover of

A which does not admit a finite suborner
.



Examples :
Ha ) = IR is not bounded

.
Let Xn=n Anew

,

Hn ) and all of its subsequences are divergent .

(2b ) : Q n [oil ] is not closed
.
Let xn be

the n-th truncated decimal representation of E ,

i. e . X ,
= 0.7

,
Xz = 0.70

, Xz = 0.707 , -
. -

Then
, laity
,

Xu = Ez and so do all of its

subsequences .

But E- El ④ A Toil]
.



13A ) -

- IR is not bounded
.

Let On = C- n , n ) fatal .

Then
, ¥u On = IR so { On : NEIN } is an open

cover of IR
.

Let IC IN with III co be arbitrary .

Let M

be the largest number in I
.

Then
, ¥ On = C-M

,
M ) .

But C-M
. M ) f IR

because it is bounded
.

Gb) = Q n Eo , i ] is not closed .

Let On be defined

as : On = HEIR = Ix- El > In }
=L- o

, E - In ) v CE -14T ,
a )

.

Then
, few On = to , E) u ( E ,

o )

= IR i t -5 } Z Q n [oil ]
.

Let IC IN with III co be arbitrary .

Let M

be the largest number in I
.

Then
, ¥ On =L - o , E - Fm ) V (Ethan ,

o )
.

But we know that IE - In , Ethan ) contains at
least one rational number . Hence

,
On F Q n EOD

.



Week 8 : Limit and continuity of Functions

The division rule :

If f , g
-

- A → IR
,
c is a limit point of A

,

figs fix) and lion 944 both exist
.

Then
,

1-→ c

him
.
tgI÷=

'
x'
'

Fet"

Ting, iheart
Lima gusto .

What can happen if Life 9*3=0 :

- Let fix ) = x , 9*7 = x'- I ,
c =L

.

Then
, Livy

,

text =L , Liz
,
91×1=0

.

Lim
,

= fig
,

is divergent .

- Let fax ) = I - tx
, 91×1=1 - ¥

,
c =L

.

Then
, 1×17, fix ) = o , fishy guy -- o .

¥yts¥, -- fi;yt = tie - ¥7,# = 's
.



Passing limits into an inequality
Let f. g : A -7112

, let c be a limit point of A .

If fix ) E glxl Ex EA
,
then

time ful E high 9*1 .

How about strict inequalities ?

If fix ) L 9k) HEA
,
then

Iim text L him guy
1-→ e

-

Asc

Equality is possible :

Let A = ( o ,
O ) ,

C = 0
, fix ) -- X , gex ) -_ 2X .

Then
,
Vx EA

,
fix ) c 91×7 .

Yet , him fix ) =o = Kiyo glx) .

Continuity at isolated points
Let f : A → IR and let c be an isolated point

of A .
Then

, f is continuous at c
.

Example : f : IN → IR
, fan ) = n .

f- is continuous

at every n EIN
.



Week 9 : Uniform continuity

Definition : f : A → IR is uniformly continuous

if and only if for all E > o ,
there exists a

d> o such that for all x. YEA with Ix - glad,

it holds that Hex ) - fly ) ICE .

Uniform continuity is stronger than continuity

Example : f : ( o , d) → IR is continuous

X t) thx

but not uniformly continuous
.

Uniform continuity depends on the domain

Example : for any a > 0 ,

f- = [a. a ) → IR is uniformly
x t) thx

continuous
.


