
Week 5

Recap
Proofbycontradiction_ P→q

Assume that PA
> 9=-711>→ 9) is TRUE

.

Show that (PA > 9)→ c ⇐ contradiction ) .

Proofbyinduction-V-nc.IN ,
Pen )

Mathematical induction

Basestep_ : Prove Pcl) = T .

7-nductirestep-iprovef.tk EIN ,

Plk)→ Pcktl)]=T .

induction

hypothesis

complete induction

Basestep_ : Prove Pll)=T .

Inductivestep_ : Prove [V-KEIN.PH/i---xPlkD-Plkti))-=T.
induction

hypothesis

common tricks :

É"f(i ) = ff+fIf =/ iÉ,fii # fckti)
i=1

sum of the first K terms

thek-y-thterm-i-I.fi/).flk-11-iifii1--f÷÷¥÷÷÷É¥.IE#-+aiermi--lqk-l
= ak • A

4<+1 ) ! = K ! • Ck-11 )



Strategies

Example 1 : Prove ltn c- IN
,
¥=

,
flit = 9in )

Ba#p : show that fil ) = 9111
.

Inductivestep : assume that ¥gfci ) = 91k ) ,
induction hypothesis

then É flit =/Éfii )) -1 f- 1kt ) = 91k ) + flktl ) 94<+11
.

F- I M

by the induction hypothesis

¥ is the only step that needs to be checked
.

Example 2 : Prove ltn c- IN
,
¥=

,
flit 7 9in )

Ba#p : show that fill > 9111
.

Inductivestep : assume that ¥gfci ) > 91k )
,

induction hypothesis

then É flit =/ Éfci )) -1 f- 1kt ) 791K ) + flktl ) 94<+11
.

F- I M

by the induction hypothesis
(? )

is the only step that needs to be checked
.7

If it is unclear why 944+1-11<-111 794<+1 ) , try to

prove [91k) -1 f- 11<+11 - 911<+11] 70 instead !

Same procedure when you replace
"
Z
"

by
"
>
"

,

"

E
"

,
0K

"

<
"

.



Example 3 : Prove new
,
a
"

> 9in ) ( a > 0 )
.

Bao.es# : show that a > 911 )
.

Inducting : assume that at > 94<1
,

induction hypothesis

(? )
then a

""
= a

"
. a > a. 91k ) > 94<+1 ) .

A

by the induction hypothesis
and a > O

'
is the only step that needs to be checked

.

If it is unclear why a- 91k ) > 91k-111 , try to

prove a. 91k ) - 91kt ) > o instead !

Note that the base case does not always start at n=1 !

Examples : lfnzo ,
Pen ) th 75

,
Pen )



Proof by contradiction :
Assume that 9 is irrational and fr is rational

.

Then
,
there exist integers min such that rq =L

.

Subsequently , 9 = rq.iq = mn÷
.

Since m
'

, n
'

are integers , 9 is rational ,
which contradicts

the assumption that 9 is irrational
.

Therefore ,
if q is irrational

,
then fr is irrational

.

Alternatively ,

We can prove by contrapositive :

The contrapositive of
" if q is irrational ,

then fr

is irrational
"

is
"

if rq is rational
,
then E

is rational
"

.

This has been proved above
.



Basestep : when n=l ,
n
}
- n = I -1=0

,
which is

divisible by 3 .

Inductive : assume that k
'
- K is divisible by 3

,
that

is
,
there exists an integer m such that ks- k = 3m

.

induction hypothesisThen
,
when n = 1<+1 ,

(1<+113 - ( k -11 ) = K
'

-13k
'

-13kt I - K - I

= ( ks- k ) -13k
'

-13k

( by induction

hypothesis ) →
= 3Mt 3k

'

-13k = 31m -1 K' + K )
.

Since lm-11<414 is an integer , 11<-1113-441 ) is divisible by 3
.

Therefore , by mathematical induction
,
n' - n is divisible

by 3 for all positive integers n
.



Basestep : when n=1 ,
n
}
- n = I -1=0

,
which is

divisible by 6
.

Inductive : assume that k
'
- K is divisible by 6 ,

that

is
,
there exists an integer m such that ks- k = 6m

.

induction hypothesisThen
,
when n = 1<+1 ,

(1<+113 - ( k -11 ) = K
'

-13k
'

-13kt I - K - I

= ( ks- k ) -13k
'

-13k

( by induction) → = 6m -13kt 3k
hypothesis

= 61m -1K¥ ) = 61Mt HEI )
.

Case 1 : K is even . Then
,
¥ is an integer and so

is (Mt 14k¥ )
.

Case 2 : K is odd
.
Then

,
¥ is an integer and so

is Cmt 14¥12 )
.

Since lm -114k¥ ) is an integer in both cases
,
CK-1113-4-+1)

is divisible by 6 .

Therefore , by mathematical induction
,
n'- n is divisible

by 6 for all positive integers n
.



Proof without using mathematical induction :

n3 - n = hln' - 1) = ( n -1 ) - n - Intl)
.

Since In - 1) , n
, in-11 ) are three consecutive

integers ,
at least one of them is even

.

Therefore ,

n' - n is even
.

Similarly ,
since A- 1) , n ,

in-11 ) are three consecutive

integers , exactly one of them is a multiple of
3. Therefore , n

}
- n is a multiple of 3

.

Combining these two results
,

n
}
- n is divisible

by 6
.



É
,

i' =

V-nc-INBasest.ee#-.whenn--1.LHS--12--1
,

RHS = f- - I - 2.3=1
.

LHS = RHS
.

Induction : assume that IÉ
,
i
'
= b-KIK-111121<+1 )

.

induction hypothesis
Then

,
when n=k-11 ,

LHS =÷É
,
i. =¥Éi2) -111<-115

( by
induction ) → = f- -1<(141/12141)-1 lktl )

"

hypothesis
=(1<+1 ) [14%+11-+4<+1 ) ]
= ( 1<+1 ) ( ¥_k±k-I )
= f- 11<+11 121<2+7/(1-6)

.

RHS = ¥114171k-12114-137--1-4<+1)( Hi-17kt 6) = LHS .

Therefore , by mathematical induction
,
we conclude that

the equation holds for all NEIN .



Penix)=[ ]

We are proving =V-nc-IN.lt/7-l.Pcn.xs).Bas-estef:To be shown : ⑦ ✗ 7- 1
, Pel , ✗D= T .

When n=l
,
LHS = HX

,
RHS = It ✗

.

Thus
,
LHS ZRHS

for all ✗ 7-1
.

T-ndnctiuestep-i.TO be shown :

[V-KEIN.lt/z-l,Plk , ✗7)→ (V-xz-l.PK-11
, ✗ 1)]

.

Assume that for all ✗ z -1
,

11-1×71<7 HKX
.

induction hypothesis

when n=k-11 , for all ✗ 7-1 ,

LHS - RHS = (Hx )kH - [ 1+4<+11×3
= (Kx )

"

-11-1×1 - l - Kx- ✗

( since ✗7-1) → 74th )( 1-1×1 - l - Kx - ✗→
( by induction ) =/+ ✗+ kxtkx' - l - Kx - ✗hypothesis

= kx?

Since K > o
,
✗270 ,

KXZFO and thus LHS 7 RHS
.

Therefore , by mathematical induction ,
the inequality holds for

all integers na and real numbers ✗ 7-1
.



it

Basestep : when n= 5 ,
LHS = 25=32

,

121-15--52+6=31
.

LHS > RHS
.

Inductees : assume that 2K > 1<46 4<75)
induction hypothesiswhen n= 1<+1

,

LHS - RHS = 2*1-11<+15-6
= 2k . 2 - k

'

-2k -7

( by
induction

hypothesis / → 7211<46 ) - K2-21<-7
= 21<2+12 - k

'

-2K -7

= K2-21<-15

=/ K -15+474>0
.

Thus
,
LHS > RHS

.

Therefore , by mathematical induction
,
we conclude that

the inequality holds for all integers n 75.



Additional challenges

Bac.es#-ep:Whenn--2.LHS-- 22--4 .

RHS = (2+1) ! = 3 ! = 6
. Thus

,
the inequality holds when n=2

.

Inductivestep_ : assume that the inequality holds when n=k
,

i.e. 2k < 11<+1 ) !

Then
,
when n= ktl ,

21<+1 = 2k . 2 < ¢+1 ) ! - 2

( since 221<+2) → < 4<+1 ) ! - ( K-12)
= 4<+2 ) ! = -41<+1 ) -11] !

Thus
,
the inequality holds when n=k-11

.

Therefore , by mathematical induction
,
2
"

< (n-11 ) ! for

all integers n 72
.



Éi÷r =

Basestep : when n=2 ,
LHS = It ¥ > ¥

,

RHS = Be 2¥
.

Thus
,
the inequality holds when n=2 .

Inductivestep_ : assume that the inequality holds when n=k
,

i.e. ¥2
,

> Tk
.

Then
,
when n= 1<+1

,

LHS - RHS =/¥É÷r ) - Fai =L .±É÷r ) -1k¥, - ☒
> Tk -☒ +¥

This is a commonly used = -1¥ ) •
aÉÉ + ¥-1

trick : Fat☒
ratrb = ¥r
ra - ☐ = a-b_

rats
(R-E) Irk-1T€ + ¥y

Egg = :*
=

¥-7T

yincefk-F-bf-i-a.rs
= 1¥ = + ¥+1 = ¥-5 - ¥☒, so

Thus
,
the inequality holds when n=k-11 .

Therefore , by mathematical induction ,
the inequality holds for

all integers h 22
.



Proof : Basey : when n=O
,
2
"
- I = 2° -1=0

,
which

is divisible by 3
.

Inductivestep : assume that 2
"
-1 is divisible by 3

,
i. e.

there exists ME £ such that 2*-1 = 3m ⇒ 2

"
= 3m-11

.

Then
,
when n=k-11

,

221kt ' ) - I = 221<+2-1 = 22k . I - I = 4 . 22k - I

= 4- 13m -11) - I = 12m -14-1 = 12m -13

= 314m -11 )
.

Since 14m -11 ) is an integer , 2
""" '

-1 is divisible by 3
.

Therefore , by mathematical induction ,
2
"

-1 is divisible by
3 for all integers n 70

.

Proof without induction :

22h - I = 2h . zn - I = 4h - l .

4
"

mod 3 = (4 mod 3)
"

mod 3 = 1
"

mod 3 = 1
.

Therefore , 4
"
=/ lmod 3) and thus 2

"

-1=4
"
-1

is a multiple of 3
.



É-1)
"'

i' =

Boise : when n=l
,
LHS = (4)

°

. i =/ ,

RHS = 1-1)
°

.¥ =/ and LHS = RHS
,

Inductivestep : assume that ¥4 -115" i ' = C- 1)
K "

. ¥+11
.

Then
,
when n= 1<+1 ,

LHS = ¥5,1 -41" i' = ¥É-1)
it

,

- 2) + (-154+1)
'

= 1- 1)
K - '

¥+11 + C-1)KIK-11T
= C-1)

""

( Kt ) .EE -1 (4) (Kt)]

= 1- 1)
""
1kt ) . [- É - i ]

= C- 1)
" -111<+1 ) . -11 ) . ¥-2

= C- 1)
K

¥kktI
= RHS

.

Thus , the equation holds when n= ktl
.

Therefore , by mathematical induction
,
the equation holds

for all positive integers n .


