Week £

Reca

Proot b;/ Controdiction r—=4
Assame  Hhat PAYY, = TT(P29) is TJRUE.
Show  Hiat LF A ’”D — C (‘:‘—_ cov\mol?c‘f?ovx) ,

?roe£ [0;/ wnduction VV\6I/\] y FU‘)

MW‘H/\QNLO\‘{’?CRl Tnducti on

Base s-{—qg : Prove F(l) =
Ja ductine SRE : frove [V ‘<C//\/ ‘PU‘) — P( k“'l)]-:'
induction
wpothesis
COM‘;\@;& IV\O\(AC'H'DV\
E»;_e_,ﬁgz : Prove  PLY = T,
L«_ﬂhdiu‘fit;g v Prove L\ﬂaew ,(P(\)A--'AP(k)>—>F(k+\)JET_
induction
Wrpothesis
Commoy tricke - «
k +!
Z 6 = SOt fore o H,+ o) -| 2t )>* Fre)
Sum "'E the -F‘«rS‘{’ k terwS Hhe (ctf)-th tem
k +1

i) = fue oy - foe)  =[TTF0)e e

prjuct of Hhe {first k dterms  the (fi)th @m
= G . @

k+D1 = k! - kD)



Strateqies
EXAW\P\ﬂ | : Prove V n €N | %{ 'F”) = Jn)
Base Step - show 4hat  fu) = 90),
k - ey
In&mcfllla S‘\QE: SSume_ m‘k l\zz\‘eh) - Skk‘)7

Tnduction hﬁo‘ffne??s
k+

then = fii) = (é{d )> + L) = k) + {uaﬂ)(:.q') §ka)
= L by Fhe inductha hypothesis

2 .
(-_;) 1S the onl7 Step  that needs v be checked

EXAMP\ﬂ D Prove Vn&/N, %{ ‘F”) 7 9Wn)
Bage step : Show fhat HOEICIOR
k i
Lnductie step :  GSsume  that (Z:\\ch) z 3”4),
Tnduction hﬁ)o‘l’fl\ﬂﬁs
k+| K . )
then 2 fii) = ?lfu) + £ (kt) i/ JLk) + Tt )2 Gikn)
= b7/ 4he Tnductbn \«\\/Puﬂeg‘.s
) .
> 1S the Only skp that needs 4o be checked .
I{ H—’ s uncleay Uuky 9cl) + \CKP‘H) Z Jkt), 'hf to
prove  [90)+ £eer) = §uke) [ 20 fastead |

U _ " N

Some procedue  uhen you replace 2" b\/ YA | GRS



Exavn?l\e 2 Prove Vﬂé//\/, a" > dny  Cazo) .

Bace SR? : Show that a Z 9,

Jnductive step ;. @ssume +hat ot > k)
T induction h‘/?nHﬂeg‘\‘s

?)
+hen a‘<+| = dk- a7 A Jk) B Q)
/[\

b7’ ‘he Yaduction "\TWS':S
and Aa>0

i‘l s the Onl7 step Hat  needs +o be checked .

_ﬂ; Tt s wunclear w\r\\/ a- 3k) > 9lk+) y -h_y o

prove @ 9lk) = Jlt) o ustead

Note Hhot +he bnee case does not a\ways start ot wn=I[ |
E*O\MFVZS s VV\7/0 ) ?CV\) VV\ZS, Fcn)



Q1: Let ¢ be a positive real number. Prove or disprove the following statement: if ¢ is
irrational, then /g is irrational.

Proof [)7 Contradiction :

Assume  that 9 is ireational ond T s rotional.

Then, +here exist iwtegers w1, 0 such  +hat {g 2-\'—2*,
§mb§c1mew+‘7, 9 = (9 g = %:

Since w s n are wtegers 4 i rationa| , which Comtradicts
the 0\€§uwl]7-Hor\ thot G s Trrational |

Therehre , f 9 35 ircational | then ¥4 is  iractional

Ak‘l&rnoﬂ'}vﬂv, We  con prowe b Covﬂ‘m?as[-&?ue?

The Contrapositive of “TE 9 ts leretiona) , then {7
u

5 irrational s i T4 0s retenal , then 4
1S rotional 1 -WH‘S has  been Pro\r&o' obove .



Q3: Prove using mathematical induction that n®—n is divisible by 3 whenever n is a positive
integer. Can you modify your argument to show a stronger result that n® — n is always

divisible by 67

Ea_%j\@\; © when n=) V\%—V\ (=1 =0, which s
diuisible ‘o\/ 2,
LInductive Step: QSsume that K-k s thvisible b\/ >, dhet

5, there exists an iwieger W Swh that K=k = 3m
indkuction h7rm<?5

Then , when v = b+l
(k+1);—tl<+|) = l<3+3|<2+%k+ [—k -1
= (K- k) + 3K+ 3k

(byh‘/;:‘i:g;bn> > =2m+ 2k 2k = 3mtk+ k),

Suce  (Mtk4k) is og integer (\é’rl);—(Hl) ‘s divisible \D\/ 3.

/f-[/\)ef@g’N, b«f M&Nw\cﬁ\‘ca‘ fwo{\AC'l'fDV\/ Y\QJ—Y) 'S Au‘visible
by 2 for all positive wkesers N



Q3: Prove using mathematical induction that n®—n is divisible by 3 whenever n is a positive
integer. Can you modify your argument to show a stronger result that' n® —n is always

divisible by 67

Bose step + when =1, nmn = (-1=0, which is
divisible b\/ 6.
LInductive step: ssume Hat k3~|< s chuisible bY b, thet

is, thae exists an l\V\‘l'eg@(r W Sueh  Hat f(g-’k = (m,
induction h",?n“'heifs
ﬂ\em, when = b+,

(k01) - Get1) = K+3K+2k+ [~k - |
= (K- k) + 3k+3k
Uy dti) = = bm 342k
= [t 22 ) = (e H20),
Case | : k is even. Then
s (m KUGL)

Cose >: K iS5 odQ, T‘AQV\, ﬁ;t_]* 'S o Ivﬂfger and  So
is (mt £

vl

s an \ler’Ser W\d So

Sincg (m+ KE) {5 gn tnfeer  Tn both eases, (k1) — Clett)
is ohiyisiple 5)7/ [

Tl’r@re—&re, b7 Mo\Jr]ﬂCvf\quica\ Ino\ud—?ow, v\)’/v\ s Alnisible
\77 b {"o( all Yosiﬂw. ih%eaers n.



Q3: Prove using mathematical induction that n®—n is divisible by 3 whenever n is a positive
integer. Can you modify your argument to show a stronger result that n® —mn is always
divisible by 67

Proof without ué?nﬂ mothematical  Taduction s

n9’~ n= nin=1) = (-1)-n- W+l
Stace  (h=1), v, ntl) are Ahree  (tonsecutive
icheaerc, ot least one  of  Ahem ¢ ewen.
Therfore , W~ s even.

g?mi\ar\y, stnce W-1), v, hl) ome  Hiree  consecutive
wigers, EXoch\7/ one o{: them s a  wmuidiple of
3. Thevefore , 0= 15 a wdtigle of 2,
Covv\bTVh\v:j these.  two results n’— s Alvisible

b\/ 6.



Q4: Prove by mathematical induction that
n 1
S i = 12+2+4--4nl= g+ 1)(2n+1)
i1

Yren

Bose ciep s when w=1, L[HS = 1"=1,

RMS = -1 2.3 =1, LHS= RHS.
lLo\m_c:LIJf_ﬁg_}z: ossume  that é,fz = ’Z‘k(k+\)(2k+|)_
Th@v\, Wheﬂ n:[k+l’

indunction h‘/?v‘”\esl‘s
k) 5 < o2 2
FHS = 72 -lFe) vy
(Js ") = =F klen)ort) + (k)

= (et ) [ K2 4 ()]
= (k_H) ( M)
6

= T Uet) 2k 7k+56)
RHS = A )0ts) = T ) (2 Tkt §) = LHS

TL\EV‘E‘FOV‘&, by mothewmatical  nduction , WE Conclude +hat
the EC[V\Q‘HOV\ holds 'Fbr all neMN.



Q5: Prove using mathematical induction that for every integer n > 1 and real number

x> -1,
Pin,x)= 11-{-3& )" > 1+na. |

We  are proving = VV\Cr//\/, (szﬂ\ , F(m,X)>,

Bagse step To be shown - (sz—l, P, x))sT
When n=1, LHS= J#X , RHS = H x. Thus , LHS 2 RHS
"Fb( al xz-|.

Taductine S-[—elf v o be Shown :
l_b‘kem/, (Va2 , Plk, %)) —> (¥xzA, Pletl,x ))] _
Arssume ot -Fnr al x7z -l , CH X)k 2 HKkx .

tnduction ‘F\‘HH’L\QS?S

When n=k+l, Hr oll x2-I,
[HS - RHS = ()= Tt tetx]
= (Hx)k-(Hx) — |- kx—X%
(5wa xr\)/—; 2 ([l ) Hx) = [- ks -x
(&Z\ Thdud‘iov;) _ !+ . R
Jpethests X+ kx4 kx —|- kx ~%
= kx*,

Stne k>o, X720, k20 ond s LHS ZRHS,

—L\QV‘Q‘F[)W_{, \/ mothgmatical  ndwction , the mﬂqumfy L\O(OIS r
all .v\lreaers nyl ond  rea| nuwbers X 2.



Q6: Prove using mathematical induction that

2" > n? +6, Vn25.

Bae sep: when n=§, LHS=2" =32, RHS = 5+ 4 = 3).

LHS > RHS.
Toductive step: asswne thatt L7 kFh  (35)
When wn= e+l ndluchon bypotuests
LS - RHS = 21— (0] -
=32 K-2p -7
(Lpti™) =2 2 (84) - k-2k =T
=2 k)2 -kT-2k -7
= 2kt $
=(k-) 4 74 0.
Thus, LHS > RHS,

Th{re-{:ure, 177, mothe mottical Tno\v«cﬁon, We Conclude that

+he fv\eOLon«l\"‘W [flo\()\S ‘Fbr m” TW{-Ef)erS n> &5,



Additional chollenges

Prove by mathematical induction that
2" < (n+1)!

for all integer n > 2.

Base step: When n=2, LHS=>"=4
RHS = G4D)! = 2V = 6 Thus, the \‘nertmlrv holds when n=2,
Inductive Step @ aSsume that the inequality holds when n=k,
e o e letl))
Then , when n= k41,

AL T (2D LY

(Stace 2 fan) = < Cet)) - (kA 2)

=(42) 1 =[Cetl)+ 1]

Thas, the ?wetiua[Hy holds  when 0= k+l,

’l%erefwe , \77 waothe ma+i cal flnalw:h‘om, '.ZV\ £ (ﬂ*l)‘. -Fmr
al\l In“reje,rs n22 .



Prove by mathematical induction that

LN 1 1 1

Ez = =it —mdeer— = yn
S0 TV V2 AL
> 2.

for all integers n

\ 3
Bose step i when n=>, LHS =4+ & >3

RHg:(ié'}” _T'/ms, e tnequality holds  when =2
Ly

7

1n0\vxc{’|\r€ G‘RP GQssume Aot +he mequo\ r\‘/ \/\0[0\5 w»\fl/\ V\:\é,
(-€, 5 r 7 r

~Then | w%em n= kt|, = \
LHS - RHS =L2r) e = (2w )+ 5 ~ T
- ke + \SE?

This s a mooul e — — . M —+ "l_\

e NE (k) ) R vmi | Ve
T8 =
O (F-Ten ) F+Jk+|)

o = e @T\

' fa-{ 3 §\“h¢9_k\r‘l<’\‘m)> k)
O+® - a-b

L _ T4 — k=) 0 I DU G T,
&%~ a-w Zxven T TE | e T K4 de | 20

Thvs, +he (nequality holds when n=kt].

—[’L\ﬂv‘efwﬁ, b\/ mathematical ihduction, the inequalcty holds fvr
Al (ntegers nzd,



Prove or disprove: for each integer n > 0,2?" — 1 is divisible by 3.

Proof:  Bose Slep: when w=0, 2"l 2 2" 20 which
15 chivisible \77 2.
2k
Toductive Ghep - ASSume ot 20 21 s diuistble by 2, ;e
thee existe wmE Z# swh Hat
Then , when  N=lk+l,

2kf))
2

S* ) = 3m = fk:%wwr\_

- = >_:.|4+7—’__] - Zlk.la _‘| :4.27-‘4_[
= 4. Qwut) -] = RPwm+4-| = 2m+3
= 2(4m+|) .

2(k+ .
g\‘wce (4""“{')) 1S On FW‘H’S{W , 2 )"1 1S Ohv?sibla \o\/ 2
—ﬂ/\fZN\CoN . b7/ wmodhe motica) \\V\O{MC{'IOV\’ 22“

-1 Ty AMisiple ("7‘
3 for ol tntegers nzo,

Proo{— W thovt Tr\o\uc‘{-fov\:

M- = " " - 24\"“—\,

4" wod 3 = (4 wod 3) med 3 = 1 wed 3 =

T‘WVE]CWP,, 4[—’/\ =  (wmod 3) ard  thus
15 a W\V\H’l_}')l‘e O‘F 2.



Use mathematical induction to show that

w -\
Z_Z‘(—\ﬁ P= 122243 g (—])" 2 = (1)

whenever n is a positive integer.

Ebﬂﬁﬁ;_ﬁg{? : w‘«\ev\ n:\, LS = E1) 1=,

RAS = () L2 = [ o LHS =RHS,
-2 k=l et
Loductive step s 0sume Hhart ZU)‘ =
Then,  when  a= fxl,
ket - k -l 2 2

LHS = é,el)“; - LZ,,,w ' )Jr g—\f(kﬂ)

= (D B0 ke

= )7 ) B+ @ ) |

=(—l)'<'l (ktl) - [—E ~l]
. l)“" (1) - E1)-
= (- \> wﬂ)w)

= RHS
_T‘lz\vg, Hre ea[ua“h"on holds whew  n= k).

Thf,ve{;re, b\/ Mﬁ‘}‘hﬁm‘i‘]CO\\ [no\uc‘HoV\} Hie 81\;\0»‘Hor\ how{j
for all Posiﬁvﬁ Tntﬁjerﬁ n.



