Week 1]

RecaF
Fuaction & Function £ frem X to Y asigus guery
element of X +o & unique elewext of Y,

-F: X — Y

* = fe =Y

T&rminoloqrgﬁ :

X is  +he dowain ,

Y is the codomain,

Y s the Imo\je_ (U“;%“e) o*: x  under f-,

X s i the Pws,»‘maje o‘{: Y  (act v\ececsarrky unique) under \C

For & set SeX, £(S)= oo xeS) is the image

o\c C wder f.

f(X) = ro\nﬂeLF] s the range of f.

For o set T&Y, £7CT) = 2xe X fo0e TS o5 vhe
Pfﬁ?ma\f]e of T under £

(I/\ﬂ Pre(w\qae {' (T) a]wo\/g ex.chs Qven when {— s nst tavertible.
f 0T =9 #en £ (mn]ﬁ (L) = @ e,

()\lS)mn‘t cets  have duspm‘k \)relvv\c\zﬁes

()=



need to be

JM_,\}/
COW\Eoéf‘HOV\I for f2:X—=Y , 32 Y>> 7,
Yof : X > 2
% g £ 00 = )

In‘)ecﬁvﬁ%( Cone-to-one)
£: XY s alective

& Pxex, ¥reX (fuxy=fua)) = (X =%)

& ¥xex, UneX, (#FR) = (fu)F fue))

<> distinct elements of X have distinct  ivages wndec £V
£ f:xoN ond J:Y—> Z ore both njective, then §oFf is in\ective,

2 ur}; L‘HVH‘\g ( OV\‘L‘D)

f:X =Y is surjective
© Yye Y, IxeX, fx1=Y
& £K)=rage i) =Y
% ”e,ver\/ elewent of N has a ron-onply  preimoge under £ "
If £: X2 and 9:Y— 2 o both Surjecﬁv\& , then Jof is suriectve
{: : X > rm\ae(\ﬂ) i b7 definition  Surjective.

Lecbiuity Tn‘jecﬁue & Gw‘)edri\fﬁ



1 +H nctio : (., X=X (b.‘ltdﬂue\

X = X

Tyverse fumd:?on : \C -f X—= Y s bf")ec‘t?ve_ +hen thewe
€X\Si-s f\ \( = X Such that “:nr QVEV\/ %6\{

(’7 (3}" X -For 4he. w\.q’ue X  Such ag ‘F(x),g,
e, fo b =0y {'lo{:;x'

Vigeonhole principle = if £:X =Y and %] > (Y], then

\C Canmngt D€  owe-to-ong, (.2,
dx,eX, e X, (X FX) A (fo) =¥(><;))_



Q1: Consider the set A = {a,b,c} with power set P(A) and intersection N function: P(A) x
P(A) — P(A), i.e., for any z,y € P(A), f(z,y) = x Ny. What is its domain? its
co-domain? its range? What is the cardinality of the pre-image of {a}?

The Aowain of f is PAYX PA) and the codomsin of

F s P,

For any e PA) fU.N=9ny =9 and 4, 9) € P(A) x PA).
Therefore , range (F) = PA).

V)

QR = Jupermenn - fup- 1)

{0,9) s € A, YehA, »NYy= 33}

I

* Y X0y

a) Ja} o} These ore m|\ the pessible
del 40, b3 joy Combinattons of X and Y
20} Inc} 10y sncln that  x 0 W= dod.
30y b 3 36} Thne, [ 23D [ = 9.
36,6} {3 1}

30, b} fa, ¢} {0}
Ja, e} {0} {ah
2a, e} d0.b3 {ob
3a,b.c} {al, 403



Q4: Is h: Z — Z, h(n) = 4n — 1, onto (surjective)?

For every ne ,  4n-l =3 (nod 4) . Thewfore,

WZ) € ke k=3 (md 0}
For euer\/ ke z Saﬂs{—x/tnj k=2 (wmod 4), Since 4\(l<—’:),
thew exists me 2 such that K-3 =4m = k=4mt)-|= L(mn).
Theefwe, AkEZ k=3 d 45 C h(2).
We obtain  W(Z)= 2kez tk=3 (mod 3 F £ aud

heace I Ts  pot onto .

AHer\orHvel\/, 4n-\=2 & n= ‘}? ée %, which means  that
).é: range h) . This  is @ Commﬁrexo\um g\(\owfng that h

(s wot onto.



Q8: Given two functions f: X =Y, g:Y — Z. If go f : X — Z is one-to-one, must both
f and g be one-to-one? Prove or give a counter-example.

1& must be one-te-one .
Proof : Suppose £ is not one-tp-one . Then, thew exist %, &% ong
X2€ R Such that X, F X ond ‘F(X.)=f(xz). gmbsequenﬁy,
QoL () = §(fixn) = (j(f“»‘\ = Yo f ) and Ao i et
0ne —to- one Cow(.—mé\}d-(nj the premise  that 3of s

We"e{:m‘l {l musy  be ong - to-one,

PN€ - to -one.

However | 9 may ot be one-+to- pne. Couw\@rexaml}le .
X =Ry =2xeR, %x20%, Y=2Z= R,
f: Ry >R , 9 R—R
% = X § o
Then , 9 is  aot one-to-one Sice 9(1) = 1) but
9 - 'F Ry 2R TS owe-+to- ong

X B X

2720 and %K, 20, (3°{Lx.\= 9. fn))—= (F=x) = (,= %a),

since  for any

Ateoatively, let X = {13, Y= 3-1, 13, 2=23-1 1},

fao=10, 9=, §u)=1. 9 is ot oe-te-one,
but ‘3“-&3 (S one-to-one,



Additiona|l exercise |

Q10: Let (zi,v:),1 =1,2,3,4,5, be a set of five distinct points with integer coordinates in the
xy plane. Show that the midpoint of the line joining at least one pair of these points
has integer coordinates.

We ore Given ¢, 9;) € 2xg for i=1.2.3,43,
For i,y en23 45y with (#3 . the wmidpuat of (e, 4;) and

X+ X3 i+Y;
.95) i (——}), I ang

Ko+ X3 i 3 X3 N .
(B 35 e 202 o (Bez) ) (YD 2)
& (X\'E 3 (""W\)—)) A (‘Q;Efﬁj (mod l))-
Defme a reletton R on Z* 2 lo7r .
Y R Y) & (x=x ed 2))A (Y=Y (mok 2)).

Ove can check that R is an G%u[unlev\ce relotion , which induces 4

ﬂ%uivo\(ence closses ;

[te,o0] To, )l Lol , L, 0]
A~ A [ A
bot coordinates - Coordinade is euven, -cosrtlivate {5 add both coordinates
- s X ! ore odd
are ewen Y -coordingte is oddl Y ~ceordingte 1S even

that form o partition o{l Zx Z .

Stace enth of i) Yi) for i=1.2,3.4,5 belosz Yo one of the 4
equivalence closses, by the pigeonhele principle, there exist

) e 224,63 with 1£] such thot %, Yi) end (51 45)

be(ov\j +o the Same eclMiUmlence class.



But (X, ﬂ.) ik \XJ,‘M) bEloV\g ‘o the Samg co),uu‘w\lence clese
& .9 R 1. Y5)
&2 (x; = X3 (wod ) A (lj;Efjj (mod l))
s [ Xi+ X3 ixJ;
Wm{l.,re_, the w\?o\Fo.‘n-P o‘{:' ?o:vﬁr ( and, Po:vx-lrJ has ?V\+eger

Coovdinates .



Additional exercise 2 ({finol 202051)

(a) How many surjective functions are there from set A to B, where |A| = 5 and
|B| =3 7 Justify your answer. (10 marks)

A:{alIQL:a’;, aqr, a;—% Bz%bl,bz,bga

\)a“S butl@bs

“\\ 7. Balls &= 47(303)

[ —

@~ \§. "palls i &' = b
/ ~——

@ - \;} halls W @' = £ Qb3
“ThereLore
— TRBY) TR U R =
- £'Qed), Qe ER) ere parwge disjoint
- b\/ the sucjectivity of {083), 7GR, F7(3e)

are all Vion- xpty

\J

/\/gﬁce thot _F 'S Com[;l€+€[7/ chomcierised by '{:—\(“ﬂ%) \ ‘FY“&%) , ][4(‘“’975)

(Look?'\j at the Content o-P the  buckets tells you which  bal\ \)e[onjs
to which bucket . )

WQ ‘bko\nsﬁrm the Probléwl witp °

How Vv\an{ \A)i\7‘§ are  there to ?L«CE T balls @ @ @ @ @
b 3 buckets T &, & 9



S%CP | : divide +he € bals nto 2 piles  (without oy particalar

ordering of the piles)
O

Case .| :lool | © ol . Thee are (%)= 10 WA S
T\ 2%
Cose [ 2 > 8 8 o] . There owe (‘)ﬁ’“) = 15 ways,

SJceF [2.] + choose 2 ballg  ount of & +o form o Pile,(i)

S‘lf[) Jv2. 2 * cheose 2 \70\\\3 out o{- He N’,W\O:?Vﬁ 3 4o ‘Porm 0
pile . (%)

[0) ® 0}

®
anc,e ® ® © omo\ @ ® © C,orr‘eS'YonD\ +o

the Some  division (the piles have wo order), divide the

Aumper \77 2.
Stp 2 : assign the 3 piles to the 3 buckets  Thewe are
21 = weys.

Froswer - there are  (IT+10)- 6 =[50 Such  Surjective functions.



Ao\o\\'ﬁonal exercise 5 (fiha\ lozas\)

(b) How many surjective functions are there from set A = {1,2,...,m} to B =
{1,2,...,n} with positive integers m > n, such that f(1) < f(2) < --- <
f(m)? Justify your answer. (10 marks)

|
|
.'

i
(
(
[
i
l
i
1

|
ro2 304 & 6 78
- - >

{n) £7323) ) Faay

We transform the Pmblev/\ b -

How many Ways ore there to  Spit  the Sequence 11, -, M iwto
N non—emp‘h{ Concecutive  SubSequences "7

This is also equivalect to e followiag prodlem by Lefhing
= Ll

Finn[ 2018S1  Question 4-(a)

(a) 1,,...,T, are positive integers such that 2?21 z; =m, for some positive in-
tegers n, m and m >n . How many distinct tuples of (z1, s, ..., z,) are there?

Flamt g = = {1l >
oy v Fley v o= A o 2w = 2[R 1A=



For example , for m=12, n=4,
£ Q13) = 133,
Fony = 24,5673,
{1033y) = 233,
{V\(M’s\ = 19, 00,0, 123

= 7§|:;,7<z:4', )(;=I,X4:4-

which safisfies Xt%atXet X = (2=m,

One con check 4ot ewr\/ -F Sorh‘sﬂ.‘n\rj the given cond: +iong

cprresFomds to & wique tuple (i, == X)) of positive  integers
sa‘HG{l‘]’M\j éXr=W\I and  Yice yerca.

ﬂtse -+two Ppob\,emg are. ellufvo\[evx‘t +o the 'E"v(\OW\‘/:j FrobL‘&WI o

‘Fut’ Qa S‘l‘r?nﬁ Covﬂ‘m‘vu‘nj m %' choaraclers ; TR Urxot ----*", how 'W\DJ\)’

) oay\‘es

ways Qe there to nsert (n-1) cemmas, ;e ', ond spit it

ioto 0 Substrings (cee e, SJm‘v\j split O method  in P\Fv\/\om)

Suth ot each §Mbs’rrfr\j Comtning ot (east one charmcter

E.j. X = "sokok, ok, %k, dokokk  split( !, )
print(x)

for i in range(4):
print(len(x[il]))




One (camtet add ',' 4+ +he be@‘lvm?nﬁ or +he end o~[: the string
E SO X = M pplekokiok k dokrok! L split(*, ) R L L A R

print(x) =

for i in range(4):
print(len(x[il]))

X = "skkk, kekokk, kokkekk, L split(t, ')
print(x)

for i in range(4):
print(len(x[il))

Werﬁ Comnot b¢ two Cenfecutive ';'s )

Thkkkk! ]
4

E5-3~ %= ek okl keeee (S LEE (", 1)
’ ’

print(x) =

for i in range(4):
print(len(x[il))

Thewfre | of mot one ' can be added to each off 4he (m-1)

3“[75 ke{—wezn two l*'sl _[—l'll\j C_orr‘ESFowdS‘ +o dMOS\‘y\J LY\") ot O-F-
m-\

the m-1) 90ps 4o fasert ' The oavswer is (W.),



Additional exercise 3 (final 202051)  (modified)

(b) How many Si¥eetive functions are there from set A = {1,2,...,m} to B =
{1,2,...,n} with positive integers m > n, such that f(1) < f(2) < --- <
f(m)? Justify your answer. (10 marks)

E\)ery*{ninj tn the origim\ q’v\eﬁion holds, except ot {_\(%ﬂ)

can  now be evvxp_‘r;[.

We i'rhnsfnrm the Pr‘ob\QWl nto :
How MM\L Ways ore there v Split  the sequence L, -, m iwbd

PO$9|'H7' e +7r
n mﬂﬂ;ﬁ Concecutive  SubSequences g

This is  also equiw(@d’ 1o the ‘F”ll"‘*’““j provlem bY Ceﬂ\‘nj
= L@l

Final 201881  Question 4(b)

(b) How many distinct tuples of (21,3, ...,z,) are there for the above question if
Z1,Z2,...,T, are non-negative integers, rather than positive integers 7

These +two Pro\vlemg are equiva[ewt +o the fnllow\‘w\j Froblu/\ s

‘{:m’ Qa S‘t‘r?nﬂ Cov\Tm‘ninj m K characters , e, xok "
m ooy.‘es

ways Ore there o insert (n-1) Commas, et and split it

huN wxany

irte N 9MbS‘{"’I-V\jS (see e.9. S‘l’r\‘f\i)] $\7\I't‘ O method  (n P\f-k\/\ovﬂ

Sl HAdT 2o Ch Suociring—CantamAs—os—least o0 __clham o4

!



NOW, We o al\owed +o odd '’ +o the bﬁg\‘nn?n\‘] or the end o‘{-
the S‘kvinj, and it Is  pessible to  hove Cemsecutive ','s,
E;'S' X = ", sokkkokkek, ok ko', split (!, ') , TRkkkkk T Ta' | Tkkkk! ]

print(x) =

for i in range(4):
print(len(x[il))

X = "sekk, kekokok, skokekekk, L split(t, ')

Thkx! Thkkk' "hkkkk!' "]
4 r r

print(x)

for i in range(4):
print(len(x[il]))

X = "kokk, ook, ook’ split(f, ')

L '*****']
r

print(x) =

for i in range(4):
print(len(x[il]))

x =", , kkkkkkkookkkk’  split (', ')
‘************']

print(x) =

for i in range(4):
print(len(x[i]))



_"/HS Corv\eé‘{;owo\g to +the V\(AW\ber O‘F Ol(s‘bmjmshab‘e Permwatwns

! ‘ ' min-pl (el
Of w”) SRR Tl’\e Answe ¢ )S M[(h-l)! = ( n—1\ )
(4] cu‘rfeé (n-1) C_QPf.gs'
O-F ! o-F (,l

Here i on aldemative method  which Colwee  Final 2013 Q4(b)
divectly nging Hhe resalt of Fraal 2018 Q4 )

Xijwme o Xno fre o non-negative Tukefers  Such ot i)( =m
i and ovx\\/ -F
()((-H), - LXV\‘\'U Qre. o Po;.-hvf_ lvﬁﬂﬁerg Such that Zb( +\)=m+n,

ﬂtr&fure, the number of Aistinct +uF\es (Xy0eems X)) of
v\om—nejodrivﬂ .‘vﬁeaf,rs QaJrrsf«/.‘mj %%;: M (_\‘.e. the pnswer o-F
Q4b)) Is the came as the nuwber of d‘s+rmf -L-u\[)les
(R, =0 Kp) of positive tlegers smLm%\/.,\j >< = w+tn
(ie. the answer of Q4(a) with wm replaced b7 m»m)_

+n
AMwer: Mh,‘ l)



Additional exercise 4  (final 202081)
(c) For an injective function f : D — R, prove or disprove f(ANB) = f(A)Nf(B),
where A, B C D and f(X) is defined as f(X) = {f(z) |z € X} for any X C D.
(10 marks)
Proof that LHS S RHS :
Let ye F(ANR) be arb.‘fmrf Then, there exists ¥ € ANR
Such that {-u): Y. Since xeA ond xeB, fwel(a) and
fre $B) both hold |, which chow that Y= fo e £ nfw.
Therefore, flaAn®) < fea) n fee).

Prool thot RHS & [HS :

Let ye £Cr) 0 fB) be acbitrery. Then, there exsts x, ¢A

sucth that fx)=Y , ond  Hhere exists %EB  such thot Foa)=y,
Stace T =fue) | +he fv\‘)ed‘\viv f £ iwplies that  x,= %, .
This, x,e AOB and  Y=fo)ef(ANR). Thewfore,
fmnfey e fang).

We conclude +hat  FANR) = F(A) 0 fir).

1 He iw}ecfivi+7 Qssumption s removed ‘{\'(A) ﬂ%t@»ﬁ < ‘G(/-\ﬂ%) W\a7/
net hold . COWA'{Q(‘Q)@\MPlﬁ . D=r=R, A=2xeRr: X203,
B=2xeR, xcoy, f:R—=R . Then, fA) = f(&) = AxeR: x203 and,

X 2 x*

fane) = $(363) = 203



