
Week 11

Recap
Function : a function f from ✗ to Y assigns every
element of ✗ to a un#e element of Y .

f- : ✗ → y
✗ → fix) = y

Tes'e :

✗ is the domain
,

Y is the codomain
,

Y is the image ( unique ) of ✗ under f- ,

✗ is in the preimage of Y l not necessarily unique ) under f.

For a set SEX , f- (5) = { fix ) : ✗ c- S } is the image

of S under f- .

f- 1×1 = range 1ft is the range of f.

For a set TEY
,
f-
"

(T ) = { ✗ c- ✗ : fix)ET } is the

pre image of T under f- .

The pre image f-
'

( T ) always exists , even when f- is not invertible .

If Tin Tz =P ,
then f-

'

(Ti ) n ft (Ta ) =
,
i. e.

"

disjoint sets have disjoint pre images
"

.

f-
'

(Y ) = ✗
.



need to be

¥4
: for f : ✗ → Y . 9 : Y → z

,

go f- : ✗ → 2-

✗ ↳ go f- (X ) = 941×1 )

I-eiv-t-ji-I.co ne- to - one )
f : ✗ → Y is injective

⇒ V-x.c-X.lt/aC-X.(fcx.1--fcxz ) ) → ( ✗ , = ✗a)

⇒ V-x.EX.lt/zC- X
,
H , =/ ✗a) → ( fix , ) =/ fix> ) )

⇐> " distinct elements of ✗ have distinct images under f
"

If f : ✗ → Y and g : Y → 2- are both injective .
then go f- is injective .

Sty ( onto )

f- : ✗ → Y is surjective

⇒ tf ye Y ,
7- ✗ c-✗ , fix )=y

⇐ f- (X ) = range (f) = Y
⇒ "

every element of Y has a non - empty pre image under f-
"

If f : ✗→Y and g : Y→ 2- are both surjective ,
then go f- is surjective.

f- = ✗ → range (f) is by definition surjective .

Bijectivity-_ : injective & surjective



T-dentityfunction-i.is : ✗ → ✗ ( bijective)

✗ ↳ ✗

T-nversefunction-n-i.it f : ✗ → Y is bijective , then there

exists f-
1
: Y → ✗ such that for every YEY ,

f-
'

(g) = ✗ for the unique ✗ such as fix )=Y ,

i. e. f- of
-1
= iy

,
f-

'

of = ix.

PÉip : if f : ✗ → Y and 1×1 > IYI
,
then

f- cannot be one - to - one ,
i. e.

7- ×
, c- ✗ ,

7- ✗a. C- X
, H , =/ ✗ a) ✗ ( fix , ) = fix . ) )

.



The domain of f- is PIA )✗P(A) and the codomain of

f- is PCA)
.

For
any yet

> (A)
,
fly , g) = yny =y and Cy , g) C- PCA) ✗ PCA )

.

Therefore , range (f) = MA) .

f- Ilka}}) = { ix. g) c- PIA)×PlA) : f-ix. g) = La} }
= { × ,y ) : ✗ C- A. YEA ,

✗ ny=3a} }

✗ y ✗ ny

{ a } { a } { a} These are all the possible

{ a } Lab} ha} combinations of ✗ and y

{ a} {a. c} ha} such that ✗ ny=4a} .

{ a} lab .c} la} Thus
,
If-11ha}}) / = 9

.

lab} sa} ha}

{a. b} { a. c } {a}

{ a. c} ha} { a}

{ a. <3 lab } { a}

{ a. b. c} { a} sa}



For every n c- 2- , 4h - I =-3 (mod 4)
. Therefore ,

h(Z) C- { KEE : 1<=-3 lmod 47}
.

For every ktz satisfying K =-3 ( mod 4) , since 411K - 3)
,

there exists me 2- such that K -3=4m ⇒ k=4lm-11 ) - I = him-11 ) .

Therefore , { KEZ : 1<=-3 (mod 41} C- hcz )
.

We obtain HIZ ) = { KEE '-1<=3 (mod 41 } =/ Z and

hence h is not onto .

Alternatively ,
4h -1=2 ⇐ n= ¥4 Z ,

which means that

2¢ range (h) .

This is a counterexample showing that h

is not onto
.



f- must be one - to - one .

Proof : Suppose f- is not one - to - one . Then
,
there exist × , c- ✗ and

XZEX such that × , =/ Xz and fix , ) __ f- 1×21 . Subsequently ,

g. of (✗ , ) = g. ( fix , ) ) = 941×211=9 of 1×2 ) and got is not

one - to - one
, contradicting the premise that got is one - to - one

.

Therefore f- must be one - to - one
.

However
, g may not be one - to - one . Counterexample :

✗ = 112-1=2×0-112
,

✗ 70 }
, Y= 2- = IR

,

f- : IR -1 → IR , 9 : IR → IR
.

✗ ↳ ✗ y ⇒ yz

Then
, 9 is not one - to - one since g. (1) = gl

- 1)
,
but

9 of : lR+ → IR is one - to - one since for any
✗ ↳ ×

'

✗ 170 and ✗ a > 0 , (goflx.t-g.fi/z))-lXi--Xi)-lx.--Xz ) .

Alternatively , let ✗ = { I }
,
4=3-1 ,

I }
,
2- = } -1 . I }

,

fill -_ 1
, 91-17=1 , 9111=1 .

9 is not one - to - one ,

but g. of is one - to - one
.



Additional exercise 1

We are given (✗ i. Yi ) c- I ✗ E for i= 1.2.3, 4.5 .

For i. j c- 21.2.3.45} with itj ,
the midpoint of (✗ i. y ;) and

LX; .y ;) is (×i+ ,
Yi+z%_) , and

(×i+¥ , Yi+¥)ez×z ⇒ c- E) a ( Yi+¥ c- E)

⇒ (✗i=✗j lmod 2) ) A fyi =-D; (mod 2 ))
.

Define a relation Ron E- ✗ Z by :

(✗ , Y ) R ( ✗
'

, y
' ) ⇒ ( ✗ = × ' lmod 21 )A(y=y '

lmod 21) .

One can check that R is an equivalence relation , which induces 4

equivalence classes :

[10,071
,

-40 , 1) ]
, [(1,01 ] ,

[( 1,11]
M M n t'

both coordinates ✗- coordinate is even
, ✗ coordinate is odd

,

both coordinates

are even 7- coordinate is odd y - coordinate is even
are odd

that form a partition of Z ✗ Z
.

Since each of (Xi , Yi ) for i= 1. 2.3.4.5 belongs to one of the 4

equivalence classes , by the pigeonhole principle , there exist

i. j c- {1,213/4,5} with itj such that (Xi , Yi) and lxj , y;)

belong to the same equivalence class .



But (Xi , Yi ) and lxj , y ;) belong to the same equivalence class

⇒ (Xi , Yi ) Rlxj . Y ;)

⇐ ( ✗ i = Xjlmod D) A (Yi = Yj lmod 2))

⇒ (✗i+z , DIII ) c- Z ✗ Z
.

Therefore , the midpoint of point i and point j has integer

coordinates
.



Additional exercise 2 ( final 202051 )

A =/ 91,92 ,
a
} , 9¢ , as} B = hbi.ba

,

b
, }

balls buckets

a'
'

-

-

,
-

"

balls in t
"

= f-
'

( Ibi})
"
"

J - ⇒1%-1 "

balls in Fj
"
= f-

"

( Ibis )93
-

II. I "

balls in
"
= f-

'

Kbs} )

Therefore :
- f-

'

Kb , } ) u f-
'

Kb .} ) u f-
'
( lbs} ) = A

- f-
'
l }b ,
} )

,
f-

'

Hba} )
,
f-
"

Hbs}) are pairwise disjoint
- by the surjectirity of f- , f- 11lb ,} ) ,

f-
'

Hba} )
, f-

'

( lbs} )

are all non- empty .

Notice that f- is completely characterised by f-
'

Kb , } )
,
f-
"

Hba})
,
f-

'

Hb}})

( Looking at the content of the buckets tells you which ball belongs
to which bucket . )

We transform the problem into :

How many ways are there to place 5 balls 1 2 3 4 5

into 3 buckets ET FI FI ?



Step 1 : divide the 5 balls into 3 piles ( without any particular

ordering of the piles )

case 1.1 : .

There are (5) = 10 ways .

case 1.2 =
.

There are (E)¥)_ = 15 ways .

Step 1.2.1 : choose 2 balls out of 5 to form a pile . (E)

Step 1.2.2 : choose 2 balls out of the remaing 3 to form a

pile
.

(3)
I 3 3 1

Since z a

5 and a a

5

correspond to

the same division ( the piles have no order ) , divide the

number by 2 .

Step 2 : assign the 3 piles to the 3 buckets
.

There are

3 ! = 6 ways .

Answer : there are (15+10)-6=150 such surjective functions .



Additional exercise 3 ( final 202051 )

a

4 • * • •

q

3 •
! !

a. E. .

! ! !if :-. .it ! I
,

I • . I • r .
! I • • i >

I 2 3 4 5 6 7 8 9 10 11 12
- g-Ging-

f- ' 1113 ) f -11323 ) f-1123} ) f-' 124} )

we transform the problem into :

How
many ways are there to split the sequence 1,2, -

- -

,m into

n non-empty consecutive subsequences ?

This is also equivalent to the following problem by letting
A- = If -114311 :

Final 201851 Question 4cal
•

••
agm

oK••am Gem OH .am

'

f-
'

Hi } ) -1-01 ⇒ ✗ i =/ f-
'

hi }) / > 0 .

f- 'His)vf"(his)v - - - Uf "(}n})= A ⇒ É×i=IÉ / Flori })/ =/A / =m
.



For example , for M= 12 , n = 4
,

{
f-
"
( 21 } ) = 1112,3}

,

f-
'

(2,23) = { 4,5 ,
6,7 }

, ⇒ X
, =3 ,

✗2=4
,
✗3=1 ,

✗4=4

f-
'

( 23} ) = 28 }
,

which satisfies Xitx. -1×3-1×4=12 __ M .

f-
"

V43) = { 9. 10.11.12 }

One can check that every f- satisfying the given conditions

corresponds to a unique tuple (✗ , ,
- .

-

, ✗n ) of positive integers

satisfying IÉ ✗ i = M
,
and vice.ve# .

These two problems are equivalent to the following problem :

for a string containing m
'

*
'

characters , i. e.
"

**¥¥g
"

,
how many

ways are there to insert In - 1) commas ,
i.e. 1

,

'

,
and splits it

into n substrings ( see e.g . String split a method in python)

such that each sub string contains at least one character ?

E. g.

⇒



One cannot add '

,

' to the beginning or the end of the string .

E. g.
0 0 is not allowed !

⇒

⇒

0 0 is not allowed !

There cannot be two consecutive
' is

.

E. g.

⇒
0 0 is not allowed !

Therefore ,
at most one

'

,

'

can be added to each of the Cm- 1)

gaps between two '
* 's

.

This corresponds to choosing d-1) out of

the Im-11 gaps to insert
' i. The answer is : (1--1) .



Additional exercise 3 ( final 202051 ) (modified )

Everything in the original question holds
, except that f-

'
ai } )

can now be empty .

We transform the problem into :

How
many ways are there to split the sequence 1,2, -

- -

, m into

possibly empty
n non - empty consecutive subsequences ?

This is also equivalent to the following problem by letting
✗ i = If -114311 :

Final 201851 Question 4lb)

•B

can

These two problems are equivalent to the following problem :

for a string containing m
'

*
'

characters , i. e.
"

**¥¥g
"

,
how many

ways are there to insert In - 1) commas ,
i.e. 1

,

'

,
and splits it

into n substrings ( see e.g . String split a method in python)

such that each sub string contains at least one character ?



Now
,
we are allowed to add '

,

'

to the beginning or the end of

the string , and it is possible to have consecutive
'

, 's .

E. g.

⇒
° 0 is ok

⇒
0 0 is ok

⇒
0 0 is ok

⇒ ① 0s are ok



This corresponds to the number of distinguishable permutations

of "

*±*1_" .

The answer is lmm.TN?Y;---lm+n
- l

n - i J
.

M copies

of 1*1
1^-11 copies
of 1,1

Here is an alternative method which solves Final 2018 Q4lb)

directly using the result of Final 2018 04cal :

✗
, ,

- . - ,
✗ n are n non- negative integers such that IÉ

,
Xi = m

if and only if :

(✗ , -11 ) , - - -

, Hn -11 ) are n positive integers such that _É, Kitt)=m+n .

Therefore ,
the number of distinct tuples (× , .

. - -

,
✗n ) of

non - negative integers satisfying 4- = m ( i.e .
the answer of

04lb) ) is the same as the number of distinct tuples
(Ñ

, ,
- -

-

. In ) of positive integers satisfying É ,
Ii = Mtn

lie . the answer of 04cal with m replaced by mtn ) .

Answer :(Mtn - 1) .n - I



Additional exercise 4 (final 2020511

Proof that LHS C- RHS :

Let ye flan B) be arbitrary .

Then
,
there exists ✗ c- An B

such that fix )=Y .

Since ✗ c- A and ✗ c- B
,
fine f- (A) and

fine f- (B) both hold
,
which show that D= fix) C- f- (A) nflB)

.

Therefore , f-CAN B) C- f-(A) n fi B) .

Proof that RHS C- LHS :

Let y c- f- (A) n f- (B) be arbitrary .
Then

,
there exists × , c- A

such that fix , )=Y ,
and there exists at B such that fcxz)=y .

Since fix . )=fl✗a )
,
the infectivity of f implies that × ,

__ xz
.

Thus
,
×

,
c- An B and f- fail C- f- CAN B) . Therefore ,

f- (A) Nfl B) C- f- CAN B) .

We conclude that f-CAN B) = f- (A) Nfl B) .

If the infectivity assumption is removed
, f-(A) nfcB) C- f- ( AaB) may

not hold . Counterexample : D= 12=112
,
A = { ✗ EIR : ✗ 20 }

,

13=2×412
,
✗ to}

,
f- : IR → IR

.

Then
, f- (A) = f- (B) = {✗ c- IR : ✗ 70 } and

✗ 1-3×2

f- ( An B) = f- Go} ) = do } .


